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Abstract
Robotic devices designed for physical rehabilitation attract much atten-
tion, since they decrease the cost of repetitive movement therapies, enable
quantitative measurement of the patient progress and promise develop-
ment of more effective rehabilitation protocols. The goal of this dissertation
is to provide systematic frameworks for optimal design of rehabilitation
robots and effective delivery of therapeutic exercises.
The design framework is built upon identification and categorization
of the design requirements, and satisfaction of them through several de-
sign stages. In particular, type selection is performed to ensure imperative
design requirements of safety, ergonomy and wearability, optimal dimen-
sional synthesis is undertaken to maximize global kinematic and dynamic
performance defined over the singularity-free workspace volume, while
workspace optimization is performed to utilize maximum singularity-free
device workspace computed via Grassmann line theory. Then, human-
in-the-loop controllers that ensure coupled stability of the human-robot
system are implemented in the robot task space using appropriate er-
ror metrics. The design framework is demonstrated on a forearm-wrist
exoskeleton, since forearm and wrist rotations are critical in performing
activities of daily living and recovery of these joints is essential for achiev-
ing functional independence of patients. In particular, a non-symmetric
3RPS-R mechanism is selected as the underlying kinematics type and the
performance improvements due to workspace and multi-criteria optimiza-
tions are experimentally characterized as 27 % larger workspace volume,
32 % higher position control bandwidth and 17 % increase in kinematic
iv
isotropy when compared to a similar device in the literature. The exoskele-
ton is also shown to feature high passive back-driveability and accurate
stiffness rendering capability, even under open-loop impedance control.
Local controllers to accommodate for each stage of rehabilitation ther-
apies are designed for the forearm-wrist exoskeleton in SO(3): trajectory
tracking controllers are designed for early stages of rehabilitation when
severely injured patients are kept passive, impedance controllers are de-
signed to render virtual tunnels implementing forbidden regions in the
device workspace and allowing for haptic interactions with virtual envi-
ronments, and passive contour tracking controllers are implemented to
allow for rehabilitation exercises that emphasize coordination and syn-
chronization of multi degrees-of-freedom movements, while leaving the
exact timing along the desired contour to the patient. These local con-
trollers are incorporated into a multi-lateral shared controller architecture,
which allows for patients to train with online virtual dynamic tasks in
collaboration with a therapist. Utilizing this control architecture not only
enables the shift of control authority of each agent so that therapists can
guide or evaluate movements of patients or share the control with them,
but also enables the implementation of remote and group therapies, as well
as remote assessments.
The proposed control framework to deliver effective robotic therapies
can ensure active involvement of patients through online modification of
the task parameters, while simultaneously guaranteeing their safety. In
particular, utilizing passive velocity field control and extending it with
a method for online generation of velocity fields for parametric curves,
temporal, spatial and assistive aspects of a desired task can be seamlessly
modified online, while ensuring passivity with respect to externally ap-
plied forces. Through human subject experiments, this control framework
is shown to be effective in delivering evidence-based rehabilitation ther-
apies, providing assistance as-needed, preventing slacking behavior of
patients, and delivering repetitive therapies without exact repetition.
Lastly, to guide design of effective rehabilitation treatment protocols,
a set of healthy human subject experiments are conducted in order to
identify underlying principles of adaptation mechanism of human motor
control system. In these catch-trial based experiments, equivalent transfer
functions are utilized during execution of rhythmic dynamic tasks. Statis-
tical evidence suggests that i) force feedback is the dominant factor that
guides human adaptation while performing fast rhythmic dynamic tasks
rather than the visual feedback and ii) as the effort required to perform the
task increases, the rate of adaptation decreases; indicating a fundamental
trade-off between task performance and level of force feedback provided.
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Özet
Fiziksel rehabilitasyon için tasarlanan robotik sistemler, tekrara da-
yalı hareketlerin maliyetini azaltmaları, hastaların iyiles¸melerini nicel öl-
çütlerle takip edebilmeleri ve daha etkili rehabilitasyon protokollerine
olanak sag˘lamaları açısından büyük ilgi görmektedirler. Bu tez, rehabili-
tasyon robotlarının optimal tasarımı ve terapi egzersizlerinin etkili uygu-
lanabilmesi için sistematik çatıların tasarımını amaçlamaktadır.
Tasarım çatısı dizayn gereksinimlerinin belirlenmesi, sınıflandırılması
ve bu gereksinimlerin tüm dizayn as¸amalarında sag˘lanması üzerine ku-
rulmus¸tur. Bilhassa; güvenlik, ergonomi ve giyilebilirlik gibi mecburi
gereksinimleri korumak için uygun kinematik tip seçimi, tekilliksiz çalıs¸ma
alanı üzerinde tanımlanan bütünsel kinematik ve dinamik performansın
eniyiles¸tirilmesi için optimal boyutsal sentez ve Grassman satır geometrisi
ile hesaplanan tekilliksiz en yüksek çalıs¸ma alanı hacmi için çalıs¸ma alanı
optimizasyonu gerçekles¸tirilmis¸tir. Sonrasında, robotun çalıs¸ma uzayında
düzgün tanımlanmıs¸ hata metrikleri üzerine kurulmus¸ ve insan ve robot
sisteminin bag˘las¸ık kararlılıg˘ını garanti edebilen insan etkiles¸imli kon-
trol tasarımı uygulanmıs¸tır. Ön-kol ve bilek hareketleri, günlük hayat
faaliyetlerini yerine getirmek için kritik öneme sahiptirler. Sinirbilim-
sel sakatlıklardan sonra bu eklemlerin iyiles¸mesi, hastaların fonksiyonel
yeterliliklerini kazanmalarında önem tes¸kil eder. Bu nedenle, bu tezde öne
sürülen optimal tasarım çatısı, vaka incelemesi olarak, bir ön-kol ve bilek
dıs¸-iskelet yapısı için uygulanmıs¸tır. Bilhassa sistemin kinematik yapısı
olarak bakıs¸ımsız 3RPS-R cihazı seçilmis¸tir ve cihazın çalıs¸ma alanı ve
çoklu kriterli optimizasyonlarından sonraki performansının çalıs¸ma alanı
hacminde 27%, pozisyon kontrolü bant-genis¸lig˘inde 32% ve kinematik
izotropide 17% oldug˘u deneysel olarak karakterize edilmis¸tir.
vi
Rehabilitasyon terapisinde her etapta kullanılmak üzere ön-kol bilek
dıs¸-iskeleti için SO(3) uzayında yerel kontrolörler tasarlanmıs¸tır: Rahatsı-
zlıg˘ın erken safhalarında kritik durumdaki hastalar gezinge izleme kon-
trolörleri ile pasif olarak hareket ettirilirken, empedans kontrol uygula-
maları sanal duvarlar benzetimi ve sanal gerçeklik ortamlarıyla haptik
etkiles¸imi sag˘layabilir. Pasif kontur izleme kontrolör tasarımı ise yük-
sek serbestlik dereceli hareketlerin senkronizasyon ve koordinasyonuna
olanak sag˘larken, istek konturun takibindeki tempoyu hastanın belirleme-
sine izin verir. Ayrıca, yerel kontrolörler üzerinden hastanın terapist ile
beraber çevirim içi bir s¸ekilde sanal dinamik görevleri yapmasını sag˘layan
çok yönlü bir kontrol mimarisi uygulanmıs¸tır. Bu mimari sayesinde, dene-
tim yetkisinin deg˘is¸tirilmesi ile kontrol otoritesi hasta ile terapist arasında
ayarlanabilir ve terapist hastanın gelis¸imini deg˘erlendirebilir. Bu sayede
uzaktan ve grup terapileri ile mesafeli deg˘erlendirme çalıs¸maları olanaklı
olur.
Etkin robotik terapilerin tasarımı için, görev parametrelerinin çevirim
içi deg˘is¸imi ile hastanın aktif olarak egzersizlerde katılım sag˘layabildig˘i
ve bunu yaparken hastanın güvenlig˘ini garanti edebilen bir kontrol çatısı
sunulmus¸tur. Bilhassa, pasif hız alanı kontrolün parametrik eg˘riler üze-
rinden çevirim içi hız alanı olus¸umu ile pekis¸tirilmesiyle, verilen görevin
zamansal, uzaysal ve verilen destek deg˘erleri pürüzsüzce deg˘is¸tirilebilir
ve bunları yaparken dıs¸ kuvvetlere kars¸ı sistem pasif kalır. Sag˘lıklı insan
deneyleri ile öne sürülen kontrol çatısının gerektig˘i kadar destek vere-
bildig˘i, hastaların kaytarmalarını engelledig˘i ve tekrara dayalı hareketleri
tekrara düs¸meden iletebildig˘i delile dayalı olarak gösterilmis¸tir.
Son olarak, uzun süreli iyiles¸me protokollerinin etkin bir s¸ekilde tasar-
lanması için, insan motor kontrol sisteminin ritmik dinamik sistemlerle
etkiles¸iminde adaptasyonunu incelemek adına ani deg˘is¸imli sag˘lıklı insan
deneyleri yürütülmüs¸tür. Es¸deg˘er transfer fonksiyonlarından da yarar-
lanılarak elde edilen sonuçlar s¸u istatistik delillere is¸aret etmektedir: i) kuv-
vet geri-beslemesi, görsel geri-beslemeye göre ritmik dinamik bir gö-
revde daha baskındır ii) görevi tamamlamak için gereken efor arttıkça,
yeni dinamik sisteme adaptasyon yavas¸lar ki bu da görev performansı ile
sag˘lanan haptik geri-besleme oranı arasında temel bir ödünles¸im oldug˘unu
gösterir. I˙nsan motor sisteminin ög˘renmesinin sinirbilimsel iyiles¸meye
benzemesi sayesinde, burada bulunan sonuçlar robotik rehabilitasyon pro-
tokollerinin tasarımı için kullanılabilir.
vii
Acknowledgements
It is a great pleasure to extend my gratitude to my thesis advisor Assoc.
Prof. Dr. Volkan Patoglu for his guidance, understanding and patience.
His technical and editorial advice was essential to the completion of this
dissertation and has taught me innumerable lessons and insights on the
workings of academic research in general.
I would also like to thank my committee members, Assoc. Prof. Dr.
Esra Erdem, Assoc. Prof. Dr. Gullu Kiziltas Sendur, Assoc. Prof. Dr.
Kemalettin Erbatur, and Assist. Prof. Dr. Evren Samur for their feedbacks
and their valuable time serving as my jurors. I would also like to thank
our laboratory specialists Ilker Sevgen, Cuneyt Genc, Mehmet Guler and
Suleyman Tutkun.
I would like to acknowledge the financial support provided by Tubitak
Grants 107M337, 111M186, 111E116, Marie Curie IRG Rehab-DUET and
Sabanci University IRP.
I would sincerely like to thank to my laboratory members B. Celebi, G.
Coruhlu, A. Ergin, H. Ertas, E. Hocaoglu, M. Sarac, A.C. Satici, M. Sener,
N. Tufekciler, M. Yalcin, R. Unal for their pleasant team-work.
Many thanks to Berk Calli, Yasin Yazicioglu, Utku Seven, Ozan Tokatli,
Emrah Dincadam and Erdinc Senol and to all mechatronics laboratory
members, whom I wish I had the space to acknowledge in person for their
great friendship throughout my doctorate. I would also like to devote my
sincere thanks to my lifelong friends .
A special thanks to my family. Words cannot express how grateful I am
to my mother-in law, father-in-law, brothers-in-law, my sister, my mother,
and father for all of the sacrifices that you’ve made on my behalf. Finally,
I would like to thank my wife, Neslihan. She was always there cheering
me up and stood by me through the good times and bad.
viii
Contents
1 Introduction 1
1.1 Structure of this Dissertation . . . . . . . . . . . . . . . . . . . 6
1.2 Contributions of this Dissertation . . . . . . . . . . . . . . . . 8
2 Design of the Forearm-Wrist Exoskeleton 11
2.1 Kinematics of Human Lower-Arm and the Forearm-Wrist
Exoskeleton . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.2 Design Requirements for Rehabilitation Robot . . . . . . . . 16
2.3 Type Selection . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.3.1 Configuration Level Kinematic Analysis . . . . . . . 21
2.3.2 Motion Level Kinematic Analysis . . . . . . . . . . . 27
2.4 Singularity Analysis with Grassmann Line-Geometry . . . . 31
2.4.1 Defining Plücker vectors for 3RPS Mechanism . . . . 32
2.4.2 Grassmann Geometric Constraints . . . . . . . . . . . 34
2.4.3 Singularity-Free Workspace Analysis for
Non-Symmetric 3RPS Mechanism . . . . . . . . . . . 42
2.5 Optimal Dimensional Synthesis . . . . . . . . . . . . . . . . . 46
2.5.1 Determination of Performance Criteria . . . . . . . . 46
2.5.2 Scaling of Jacobian and Mass Matrix . . . . . . . . . . 47
2.5.3 Solving Dimensional Optimization . . . . . . . . . . . 50
2.5.4 Selection of the Optimal Design . . . . . . . . . . . . 52
2.6 Implementation and Characterization . . . . . . . . . . . . . 55
2.6.1 Physical Implementation . . . . . . . . . . . . . . . . 56
2.6.2 Workspace Optimization Considering Joint Limits . . 57
2.6.3 Characterization . . . . . . . . . . . . . . . . . . . . . 61
2.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
ix
2.7.1 Type Selection . . . . . . . . . . . . . . . . . . . . . . . 65
2.7.2 Optimal Dimensional Synthesis . . . . . . . . . . . . 68
2.7.3 Characterization . . . . . . . . . . . . . . . . . . . . . 69
2.7.4 Comparison with RiceWrist . . . . . . . . . . . . . . . 69
3 Human-in-the-Loop Control of Forearm-Wrist Exoskeleton 73
3.1 Local Control . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.1.1 Timed Trajectory Generation and Position Control in
SO(3) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
3.1.2 Impedance Control in SO(3) . . . . . . . . . . . . . . 81
3.1.3 Passive Velocity Field Control Implementation . . . . 83
3.2 Multilateral Control . . . . . . . . . . . . . . . . . . . . . . . . 93
3.2.1 Multi-lateral Controller for Dual-User Bilateral Tele-
operation . . . . . . . . . . . . . . . . . . . . . . . . . 95
3.2.2 Experimental Results . . . . . . . . . . . . . . . . . . . 98
4 Effective Delivery Framework for Therapeutic Exercises 100
4.1 Online Velocity Field Generation of Parametric Curves . . . 102
4.1.1 Real-Time Determination of the Contour Error . . . . 104
4.1.2 Online Formation of the Velocity Field . . . . . . . . . 109
4.2 Methods for Slacking Prevention . . . . . . . . . . . . . . . . 111
4.2.1 Changing the Shape of the Desired Contour . . . . . 112
4.2.2 Regulating the Assistance Guiding towards the Con-
tour . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
4.2.3 Modifying the Speed along the Contour . . . . . . . . 113
4.3 Implementation and Verification of
Slacking Prevention Method . . . . . . . . . . . . . . . . . . . 114
4.3.1 Changing the Shape of the Desired Contour . . . . . 116
x
4.3.2 Regulating the Assistance Guiding towards the Con-
tour . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
4.3.3 Modifying the Speed along the Contour . . . . . . . . 120
4.4 Slacking Prevention User Study . . . . . . . . . . . . . . . . . 122
5 Effects of Haptic Feedback in Adaptation of Human Motor Con-
trol System 125
5.1 Experimental Methods . . . . . . . . . . . . . . . . . . . . . . 135
5.1.1 Hypothesis . . . . . . . . . . . . . . . . . . . . . . . . 135
5.1.2 Experimental Setup and Virtual Environment . . . . 136
5.1.3 Participants . . . . . . . . . . . . . . . . . . . . . . . . 138
5.1.4 Procedure . . . . . . . . . . . . . . . . . . . . . . . . . 138
5.1.5 Data Analysis . . . . . . . . . . . . . . . . . . . . . . . 144
5.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
5.2.1 Seating 1 – Varying Gain . . . . . . . . . . . . . . . . . 146
5.2.2 Seating 2 – Varying Damping . . . . . . . . . . . . . . 148
5.2.3 Seating 3 – Varying Gain & Damping . . . . . . . . . 149
5.2.4 Seating 4 – Common Peak Magnitude . . . . . . . . . 151
5.2.5 Seating 5 – Equivalent Position TF . . . . . . . . . . . 152
5.2.6 Seating 6 – Equivalent Force TF . . . . . . . . . . . . . 153
5.3 Remarks and General Discussion . . . . . . . . . . . . . . . . 154
5.3.1 Rate of adaptation . . . . . . . . . . . . . . . . . . . . 154
5.4 Steady State Error . . . . . . . . . . . . . . . . . . . . . . . . . 157
6 Conclusions and Future Work 160
A Implementation of Grassmann Line Geometry on 3RPS Mecha-
nism 164
A.1 Intersection of n Lines in a Least Square Sense . . . . . . . . 164
xi
A.2 Dimension 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
A.3 Dimension 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
A.3.1 Two or more lines form a planar pencil of lines (2b) . 165
A.4 Dimension 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166
A.4.1 Find four lines which are on the same regulus (3a) . . 166
A.4.2 Four lines constitute two flat pencils in distinct planes
with a common line (3b) . . . . . . . . . . . . . . . . . 166
A.4.3 All four lines goes trough the same point (3c) . . . . . 166
A.4.4 All four lines are coplanar (3d) . . . . . . . . . . . . . 166
A.5 Dimension 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167
A.5.1 Among the four lines, none of them intersects the
regulus created by the other three lines in a proper
point (4a) . . . . . . . . . . . . . . . . . . . . . . . . . 167
A.5.2 Five lines must pass through two skew lines (4b) . . 167
A.5.3 All lines belong to union of three planar pencil of
lines in different planes with a common line (4c) . . . 169
A.5.4 All five lines are on a plane, or pass through one
point of this plane (4d) . . . . . . . . . . . . . . . . . . 169
A.6 Dimension 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
A.6.1 Six lines span a general complex (5a) . . . . . . . . . . 170
A.6.2 Six lines cross the same line in space (5b) . . . . . . . 172
xii
List of Figures
2.1 Schematic representation of 3RPS-R mechanism in perspec-
tive view . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.2 Schematic representation of the 3RPS-R mechanism with
significant points . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.3 Schematic representation of a single leg of 3RPS-R device.
q2 is the passive joint angle between base and second leg,
while ε1 and ε3 are frame vectors of the second leg formed
with respect to the simple rotation of q2. . . . . . . . . . . . 28
2.4 Schematic representation of 3RPS-R device with Plücker
vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.5 Grassmann varieties . . . . . . . . . . . . . . . . . . . . . . . 36
2.6 Singular 3RPS-R condition under (2b) . . . . . . . . . . . . . 37
2.7 Singular 3RPS-R configurations for all conditions between
10 and 160 mm . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
2.8 Singular configurations for different design configurations. . 44
2.9 Singularity-free workspace that is used in multi-criteria di-
mensional optimization. . . . . . . . . . . . . . . . . . . . . . 45
2.10 Objective functions . . . . . . . . . . . . . . . . . . . . . . . . 53
2.11 Pareto solution of the given multi-criteria optimization. . . . 54
2.12 The prototype of the 3RPS-R exoskeleton . . . . . . . . . . . 57
2.13 Singularity curves for the final device (5a) between 120 and
160 mm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
2.14 The moving platform of 3RPS-R with offsets at the connec-
tion points. Offset angles are marked on the figure. . . . . . 59
2.15 Workspace of the 3RPS-R mechanism before and after the
optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
xiii
2.16 Bode magnitude diagram for the 3RPS-R exoskeleton under
closed loop position control . . . . . . . . . . . . . . . . . . . 62
2.17 Verification of the orientation (ψ1 vs. ψ2) workspace of
the 3RPS-R platform of the forearm-wrist exoskeleton . . . . 65
2.18 Functional diagram of the wrist and exoskeleton. Joint offset
Λ is typically between -16 and 16 mm. . . . . . . . . . . . . . 67
2.19 Kinematic mismatch magnitude at the end-effector during
different offset between rotational axes of flexion/extension
and radial/ulnar deviation. . . . . . . . . . . . . . . . . . . . . 67
2.20 Pareto-front curve of A¯II vs ¯GDI . . . . . . . . . . . . . . . . 70
3.1 SLERP finds the shortest path between any two quaternion
on the unit sphere. . . . . . . . . . . . . . . . . . . . . . . . . 80
3.2 Actual end-effector orientation and the reference values . . . 81
3.3 Block diagram of the impedance control algorithm . . . . . . 81
3.4 Impedance values for the rotations around the principal axis
covering radial/ulnar deviation . . . . . . . . . . . . . . . . . 84
3.5 Impedance values for the rotations around the principal axis
covering flexion/extension . . . . . . . . . . . . . . . . . . . . 84
3.6 Left figure presents the flight simulator, in which the move-
ments of the plane is coupled to the rotations of the 3RPS-R
end-effector. Right figure depicts cross section of tunnel on
which virtual walls and velocity field are depicted schemat-
ically. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
3.7 Path following under PVFC . . . . . . . . . . . . . . . . . . . 93
3.8 Convergence metric and kinetic energy of the augmented
system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
3.9 The forearm-wrist rehabilitation system . . . . . . . . . . . . 94
xiv
3.10 Block diagram of the multi-lateral tele-operation controller . 96
3.11 Experimental multi-lateral control performance for different
control authorities. Ball trajectory, orientation of table and
torques applied are provided for$ = 0.25 (Top column) and
$ = 1 (Bottom Column) . . . . . . . . . . . . . . . . . . . . . 99
4.1 Feedback-stabilized closest point tracking algorithm . . . . . 104
4.2 Tangential and normal vector fields . . . . . . . . . . . . . . . 110
4.3 Weighted sum of tangential and normal vector fields . . . . 111
4.4 Force sensor equipped planar two DoF haptic interface un-
der PVFC is employed to track closed contours. . . . . . . . 115
4.5 Three curves with simple, mild and hard difficulty levels . . 116
4.6 Transition from Curve 1 to Curve 2 with C1 continuity . . . . 117
4.7 Kinetic energy of the augmented system while changing the
shape of the desired contour. a) Without external forces b)
With external forces . . . . . . . . . . . . . . . . . . . . . . . 118
4.8 Kinetic energy of the augmented system while reducing the
assistance guiding towards the contour. a) Without external
forces b) With external forces . . . . . . . . . . . . . . . . . . 120
4.9 Kinetic energy of the augmented system while increasing
the speed along the contour. a) Without external forces b)
With external forces . . . . . . . . . . . . . . . . . . . . . . . 121
4.10 a) Normalized cumulative contour error with respect to the
number of loops completed for a typical volunteer. Expo-
nential curves are fit on the human subject data to help visu-
alize the rate of learning. b) Kinetic energy of the augmented
system together with the work done by the user. . . . . . . . 123
xv
5.1 Parameter changes shown in online feedback tuning/param-
eter modification. A shows the setup for first for Seatings,
while B shows the setup for equivalent transfer functions,
Seatings 5 and 6. . . . . . . . . . . . . . . . . . . . . . . . . . . 134
5.2 Experiment setup and the virtual environment . . . . . . . . 137
5.3 Experiment has six seatings, each with learning and catch
sessions. In each seating, five different parameter sets are
administered with catch trials. Each parameter set is ran-
domly presented once in a catch trial block (five consecutive
trials) and every block is repeated ten times. . . . . . . . . . 139
5.4 Magnitude Bode plots of the virtual systems used in the
experiment. Impedance transfer functions of each system
are plotted with the parameters given in Table 5.1. . . . . . . 141
5.5 Frequency spectrum as a function of time for a sample catch
trial. Exponential fit for the trial is also presented. . . . . . . 145
5.6 Box plots for Seating 1 for varying gain G values. Statistically
significant pairs with p < 0.05 are marked. . . . . . . . . . . . 147
5.7 Box plots for Seating 2 for varying damping ζ values. Sta-
tistically significant pairs with p < 0.05 are marked. . . . . . 148
5.8 Box plots for Seating 3 for varying gain G and damping
ζ parameters simultaneously. Statistically significant pairs
with p < 0.05 are marked. . . . . . . . . . . . . . . . . . . . . 150
5.9 Box plots for Seating 5 for varying impedance transfer func-
tion. Statistically significant pairs with p < 0.01 are marked. 152
5.10 Box plots of power magnitudes for Seatings with major force
gain change. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
xvi
List of Tables
2.1 Workspace and Torque Limits of Human Forearm and Wrist 16
2.2 Singularity Analysis of 3RPS Device with Grassmann Line
Geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.3 Experimental characterization of the 3RPS-R forearm-wrist
exoskeleton . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.1 Experiment seatings, effect levels, nominal and target sys-
tem parameters and the location of the related Bode plots . . 140
xvii
LIST OF SYMBOLS AND ABBREVIATIONS
F Forward kinematics function
αi Values of active prismatic joints
Γ¯ Upper bound on the magnitude of Γ
I¯ Dyadic
E¯ Energy of the augmented system
p¯zi Square root of pzi parameters
v¯ Upper bound on the magnitude of CvEE
χ˙ End-effector velocity vector
 Vector of quaternion
Γ Vector from test point to end-effector
κ0, κ1 Configurations in the workspace that result in the extreme values
λ Vector of rotation in angle axis representation
ρ Column vector of design variables
τ Joint torques
εi Basis vectors for leg frame
χ Scaling parameter in contour error direction
4 Scalar value of quaternion
κ Curvature of the curve
R3 Real coordinate space
p¯ Momentum of the augmented system
w¯ Inverse dynamics necessary to follow the desired velocity field
Q˙ Augmented joint coordinates
kˆ Unit tangent vector
nˆ Unit normal vector
E Vector from closest point to end-effector
fi Basis vectors for frame F
xviii
F∗p, F∗t , F
∗
e External inputs from the masters and the slave
F End-effector forces
ni Basis vectors of Newtonian frame
Pi Plücker Vectors
q Joint space configuration vector
ra b Position vector from point a to b
S(·) Skew-symmetric operator
S3 3-sphere
ui Rotational axes of revolute joints
wi Basis vectors for frame W
x Task space configuration vector
q¯, ˙¯q Augmented configurations and velocities
M¯ Inertia matrix of the augmented system
C Coriolis matrix
J Jacobian matrix
Mend Mass matrix evaluated at task space
Mi Mass matrices of the masters and the slave
M Inertia matrix
Rd,Re Desired and actual rotation matrices
S′R Task space rotation matrix
SA Diagonal scaling matrix for maximum acceleration
ST, SJ Diagonal scaling matrices for end-effector and joint space forces,
respectively
V Velocity field
xd Parameterized trajectory
ν Self pacing parameter
ωd Damped natural frequency of the second order dynamic system
xix
ωn Natural frequency of the second order dynamic system
φ Value of active rotational joint at base
Ψ Projection error
ψi Euler angles of the end-effector body formed with ’XYZ’ sequence
ρ Speed of task execution in PVFC
σ Control gain of the feedback term in PVFC
τ Rate of adaptation
θ Rotation value in angle axis representation
Υ Unit Quaternion
p, q Orientations in quaternion
Qd,Qe Quaternions associated with desired and actual rotations
eO Position error in quaternions
σ, σ Minimum and maximum singular values of the Jacobian or Mass
matrix
υ Sigmoid variable that adjusts the relative weighting of each field
$ Dominance factor in multilateral control
ς Damping coefficient in PVFC
Ξi1 Orientation offset at each connection point
ζ Damping ratio of the second order dynamic system
b, k Damping and stiffness between two objects
Ci Gains in multilateral control
Cmp, Cmt, Cs Impedance controllers without the inertial terms
G Gain of the first mass
K1, K2 Control gains of the closest point algorithm
KP, KD Position and derivative gain matrices
L0, L∞ Initial and steady state frequencies after catch
Li j Physical distance scalar between spherical joints on the end-effector
xx
m1, m2 Mass value of first and second objects
MF Mass of a fictitious flywheel
pi Translational values of the end-effector in N
pxi, pyi, pzi Measure numbers of spherical joint centers in N
qi Rotation value of the revolute joints
ri Central point of revolute joints
sa Arrival point on the new curve
sd Departure point on the initial curve
si Central point of spherical joints
U Potential function in PVFC
v Scaling parameter in tangential direction
V‖ Tangential vector field
V⊥ Normal vector field
W Singularity free workspace volume
x1, x˙1 Position and velocity of the first object
x2, x˙2, x¨2 Position, velocity and acceleration of the second object
Zd Desired decoupled impedance matrix
Zp, Zt, Ze Impedances of the masters and the slave
ζ Magnitude of the error vector
AωB Angular velocity of B with respect to A
ARB Rotation matrix from body A to body B
ATB Transformation matrix from body A to body B
F Base frame
N Newtonian frame
R , S , T Leg frames
W Wrist frame
SO(3) Special orthogonal group
xxi
AII Average isotropy index
EE End-effector point
GDI Global dynamic index
NBI Normal Boundary Intersection
PL Paralytic limb
TP Test point
UL Uninjured limb
xxii
Chapter I
1 Introduction
Stroke remains the leading cause of serious, long-term disability in
developed countries according to statistics by World Health Organization,
which after the initial injury, mainly results in loss of patient’s functional
independence and significant decrease of their welfare. Although the
mechanisms of stroke recovery depend on multiple factors, studies have
shown that physical rehabilitation therapy is more effective when exercises
are task specific [1], intense [2], repetitive [3], long term [4] and allow for
active involvement of patients [5].
The advantages robotic systems bring to the labor-intensive physical
rehabilitation are quite obvious; robots excel at repetitive tasks, therefore
they can decrease the physical burden of movement therapies for the ther-
apists while enabling intensified, task specific and safe exercises. Not only
they can assist, enforce and evaluate the movement of the patients, these
systems store quantitative measurements of each exercise that enables the
evaluation of short and long term recovery of the patients. Robot-aided
rehabilitation enables novel treatment protocols, since new exercises (e.g.
simultaneous change of dynamic parameters of the environment during
the exercise) can easily be implemented with the use of virtual environ-
ments and haptic feedback which would require modification time and
discontinuity in traditional therapies. Therefore, it is desired to utilize
safe and versatile robotic rehabilitation systems which can realize reliable,
accurate and effective robot-aided physical rehabilitation therapies.
The goal of this dissertation is to provide systematic frameworks for
optimal design of rehabilitation robots and effective delivery of therapeutic
exercises. More specifically, this works propose a complete rehabilitation
system design that includes four major stages: robotic design, human-in-
the-loop control, effective delivery of exercises and human motor control
analysis for identifying proper treatment protocols.
Optimal Design of Rehabilitation Exoskeleton
The desired outcome of any rehabilitation protocol would be to have pa-
tients able to perform activities of daily living (ADL) and using minimal
amount of compensatory motions. Forearm and wrist movements are crit-
ical in these activities, and after an injury affecting these joints, recovery
of the forearm-wrist is essential for achieving functional independence.
Therefore, in order to demonstrate the optimal design framework pro-
posed in this thesis, a rehabilitation system for the quite complex forearm
and wrist movements is chosen as a case study.
Any rehabilitation robot should be designed such that two imperative
criteria, safety and ergonomy of the patients, can be guaranteed even when
the device is not active. To that purpose, a parallel exoskeleton 3RPS-R
is chosen as the kinematic mechanism which enables passive coincidence
with human forearm and wrist joint axes. Choice of this particular mech-
anism increase each of attachment of each patient due to the translational
degree of freedom in forearm direction. Since parallel mechanisms are
susceptible to major performance changes based on their dimensions, a
multi-criteria dimensional optimization is performed. Task-specific per-
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formance metrics and optimized parameters are decided based on the
control performance and ease of attachment of the device. Chosen global
optimization metrics require determination of a singularity-free workspace
for all design configurations that is identified through Grassmann line the-
ory, including the asymmetric configurations of this mechanism. Once
the optimal dimensions are decided, a workspace optimization scheme
is performed that includes the physical limits of the used joints. Imple-
mentation and experimental characterization of the device shows that any
rehabilitation system could benefit from such a systematic approach.
Human-in-the-Loop Control of Forearm-Wrist Exoskeleton
The second stage consists of design of local and multilateral controllers
for the rehabilitation robot. The imperative requirements of rehabilitation
therapies should still be maintained; human-in-the-loop controllers that
are implemented for each stage of therapies should be safe and consistent
with the workspace of the chosen mechanism which lies in Riemannian
manifold SO(3). These local controllers are implemented based on dif-
ferent phases and intensities of a traditional physical therapy. At early
stages where patient is not able to exert necessary forces to achieve the
given task, patient passive trajectory tracking controllers can be utilized.
As the movement capabilities of patient increases, less stricter controllers
are desired which can provide assistance to the patient in varying intensi-
ties. Impedance controllers can be utilized for administering virtual walls
around the forbidden region of operating space and enabling haptic in-
teraction with virtual environments. Once patients are guaranteed to stay
inside the safe zones, assistance can be provided around the desired path
via a contour tracking controller that emphasizes the synchronization and
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coordination of complex movements rather than exact timing along the
path. Among the available contour tracking algorithms, passive velocity
field control (PVFC) is of particular interest, since this method not only
minimizes the contour error but also does so by rendering the close loop
system passive with respect to externally applied forces; enhancing safety
by limiting the amount of energy that can be released to the operator,
especially in case of an unexpected system failure.
Lastly, a multi-lateral control scheme based on local impedance con-
trollers is utilized for tele-rehabilitation, which could shift the dominance
of each master over the slave environment, realizing the implementation of
remote or group therapy protocols such as Patient (Master 1)-Patient (Mas-
ter 2)-Dynamic Virtual Environment (Slave) or Patient (Master 1)-Therapist
(Master 2)-Dynamic Virtual Environment (Slave). For example, a patient
may start as passive while movements are dictated by the therapist and
dominance over the task can be shifted to patient over time.
Effective Delivery Framework for Therapeutic Exercises
The third stage considers the design intervention strategies and exercise
methods for effective physical therapy. The overall framework should
be capable of implementing desired rehabilitation concepts such as being
repetitive and intense, while guaranteeing active participation of the pa-
tients during tasks based on activities of daily living. While it is desired
to apply repetitive exercises, nature of the human motor control system is
contradicting with another specification, that is to keep the involvement
of the patient high. Humans are fundamentally "lazy", in particular, in a
repetitive task human operators tend to slack; if the task is being done just
right, effort provided to it lessens with each repetition, while keeping up
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with the task requirements. This provides a challenge for the control im-
plementations, since, it becomes crucial to provide repetitive tasks without
repeating the same task. To that purpose, a rehabilitation framework is
introduced based on local controllers and gets use of the online genera-
tion of velocity fields based on parametric curves, which can seamlessly
modify the task parameters such as the pace of the contour tracking, shape
of the desired contour and the assistance level on the contour error direc-
tion while guaranteeing the safety of the patient utilizing passivity with
externally applied forces. Each modification can be triggered concurrently
or individually according to the supervision of the therapist and/or some
performance criteria that is set specifically for each patient.
Effects of Haptic Feedback in Adaptation of Human Motor Control Sys-
tem
In order to get the most out of a therapy session, one should not only
implement the evidence-based conventional therapy concepts, but also
have some insights on the underlying mechanisms of human motor control
and patient recovery. Modeling patient recovery necessitates many large
scale clinical trials; however, due to the high cost of clinical studies, such
an approach is not feasible. Considering the fact that motor skill learning
of healthy volunteers are in many aspects similar to motor re-learning
of patients, results from human motor learning experiments have been
widely accepted to provide guidelines to design effective rehabilitation
protocols. Hence, systematic studies of human motor control and learning
can drive development of advanced therapy protocols for robotic therapy.
Therefore, a healthy subject experiments is conducted which highlights
characteristics of the human motor control system in a repetitive dynamic
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task. In particular, after over-training subjects with nominal system pa-
rameters, the system dynamic is unexpectedly changed with catch trials.
Through six experiment Seatings, effects of changing different system pa-
rameters are analyzed over the steady state error in frequency and adapta-
tion rate. In two of these seatings, use of equivalent systems for impedance
and position transfer functions is introduced. Results provides statistically
significant evidence that haptic feedback is the dominant factor while per-
forming fast rhythmic dynamic tasks, rather than the vision feedback.
In particular, as the effort required to complete the task increases with
increased haptic feedback, the rate of adaptation decreases, indicating a
trade-off between task performance and the effort required to perform the
task.
1.1 Structure of this Dissertation
Chapter 2 describes the analysis of design optimization and implemen-
tation of the 3RPS-R exoskeleton robot. After a comparative literature
review of forearm and wrist rehabilitation robots, the chapter reviews
the kinematic properties of the human joints and summarizes the design
requirements for a rehabilitation robot. Following the type selection, kine-
matic and singularity analyses are performed, while additional details on
Grassmann line theory on a asymmetric 3RPS-R mechanism is given in
Appendix A. Multi-criteria dimensional optimization is accompanied by
physical characterization of the device, including workspace optimization
with the physical limits of the joints. Improvements of performance are
quantitatively presented.
Chapter 3 details the implementations of local and multi-lateral con-
trollers for 3RPS-R. For local control, error metric is defined to be compat-
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ible with the workspace of the mechanism in SO(3), while interpolation,
trajectory tracking and impedance control implementations are summa-
rized with experimental validations. Afterwards, PVFC is detailed with a
sample implementation on 3RPS-R. For use in tele-rehabilitation, a multi-
lateral control scheme is utilized based on local impedance controllers,
that enables the change of dominance of the two master sites over the
slave environment throughout the exercise.
Chapter 4 defines the control requirements for delivery of effective re-
habilitation exercises, and proposes a control framework that can deliver
robust, safe and versatile exercises. Online generation of velocity field
for parametric curves is introduced to be utilized for the implementation
of slacking prevention and assist-as-needed concepts based on local con-
trollers. In particular, this framework provides a systematic approach that
enables the seamless online modification of task parameters while guar-
anteeing the coupled stability of patient and robot system. Following the
experimental validation of a) changing the curve of the desired contour,
b) regulating the assistance and/or c) pace of the contour tracking, a user
study is provided in order to demonstrate learning taking place in the
human motor control system with proposed system.
Chapter 5 introduces healthy subject experiments that identify the rate
of adaptation of human motor control system on rhythmic dynamic tasks,
in particular, non-rigid oscillating tasks without any positional end-point
constraints. The chapter includes experimental method definition and
results of each seating as well as a general discussion over the statistical
analysis performed for each case.
Chapter 6 concludes the thesis by summarizing the contributions and
discussing potential future works.
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1.2 Contributions of this Dissertation
• Kinematic type of the forearm-wrist rehabilitation robot is chosen
such that it enables passive correspondence of robot axes with center
of rotation of human forearm-wrist movements. A computation-
ally efficient kinematic model is derived and singularity analysis of
asymmetric 3RPS-R mechanism is performed for all configurations
using Grassmann line geometry so that largest feasible singularity
free workspace volume to calculate the global performance metrics
is identified. Multi-criteria dimensional optimization is performed
in order to increase the performance of the robot by 17% in terms of
kinematic isotropy and 32% in term of position control bandwidth
when compared to a similar device in the literature. The workspace
of the mechanism is also extended by optimizing over singularity free
workspace while considering physical joint limits of the device. This
optimization results in 27% larger workspace volume, compared to
the same similar device. Once the mechanism is implemented, dy-
namic and kinematic performance are experimentally characterized
and successful achievement of design goals is verified.
• Local and multi-lateral controllers are implemented for the forearm-
wrist rehabilitation robot with non-symmetric 3RPS-R kinematics. To
use appropriate error metrics, the local controllers are implemented
in the Riemannian manifold SO(3). In particular, following con-
trollers are implemented to be used in various stages of rehabilita-
tion therapies: a) Trajectory tracking controllers for patient-passive
exercises, b) impedance controllers for enabling dynamic interactions
with virtual environments and for administration of virtual tunnels,
and c) PVFC for delivering contour tracking exercises that enable
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safe interactions with the patients throughout the therapy through
inherent coupled stability of the user and the robot. Experimental
validation of these controllers are also provided for forearm-wrist
exoskeleton.
• To enable tele-rehabilitation, a multi-lateral control architecture is
implemented based on local impedance controllers, in which differ-
ent control authority can be assigned between two master sites (e.g.,
therapist and patient, or patient and patient) over a slave dynamic
environment. This multi-lateral control architecture can be used to
implement a self-assist protocol where patients can guide themselves
to increase use of their paralyzed limb. The architecture can also be
used in a remote setup for remote assessments and/or group thera-
pies.
• A safe and versatile rehabilitation control framework is proposed
and implemented based on local controllers. Online generation of
velocity fields is introduced that enables the seamless online modifi-
cation of task parameters so that slacking behavior of human motor
control system is prevented and assistance is provided as needed. In
particular, shape of the desired curve, contour tracking pace and/or
assistance in the contour error direction can be modified during task
execution, while guaranteeing coupled stability of the patient-in-the-
loop system. It is experimentally demonstrated that the proposed
framework is capable of rendering repetitive and intense tasks, while
keeping the patients involved throughout the exercises and provid-
ing assistance as needed.
• Catch trial based healthy human subject experiments are carried out
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to identify the change of adaptation rate on a rhythmic dynamic task,
in which participants excite virtual second-order systems at their res-
onance frequency though a haptic interface. With the introduction
of equivalent systems for impedance and position transfer functions
to these catch trials, it is shown that the haptic feedback is the dom-
inant factor while performing fast rhythmic dynamic tasks, rather
than the visual feedback. Furthermore, statistical evidence suggests
that as the effort required to complete the task increases, the rate of
adaptation decreases, demonstrating the effort versus performance
trade-off for rhythmic dynamic tasks with force feedback.
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Chapter II
2 Design of the Forearm-Wrist Exoskeleton
In the literature, several robotic devices have been developed to target
forearm and wrist rehabilitation exercises. Since they have less mechanical
complexity and they are relatively easier to manufacture, end-effector type
mechanisms have been quite popular. One such example is Robotherapist
upper-extremity rehabilitation support system [6]. This system is capa-
ble of controlling all forearm-wrist rotations utilizing ER actuators for
safety [7]. Another end-effector based rehabilitation device, haptic knob,
has been proposed by Dovat et al. to target combined wrist-hand ther-
apy [8]. Haptic knob is a 2 DoF back-driveable mechanism, with one
rotation assigned for wrist movements [9]. The system is extended as
ReHapticKnob with improved mechanical properties and sensing func-
tionalities [10, 11]. There also exists rehabilitation systems that use com-
mercial haptic devices with modular additions for the wrist rotations. One
such approach is to use HapticMaster [12] with additional gimbal modules
for wrist rotations as done in [13, 14]. In order to deal with complex wrist
motion without introducing design complexity, some researchers have
used lockable mechanisms to evaluate different DoF separately [15, 16, 17].
A recent study has utilized a similar structure to implement various op-
eration modes that are interchangeable with wrist exercises and full arm
reaching movements [18, 19]. Implementation of end-effector type mech-
anisms in parallel structure is also available; such as the wrist rehabili-
tation robot with pneumatic muscles [20, 21]. The design uses a Stewart
platform to deliver various rehabilitation protocols. Even though men-
tioned end-effector based rehabilitation systems are practical and simpler
to implement, these devices cannot guarantee targeted joint exercises and
measurements since the overall motion at the device end effector is a result
of movements of the whole limb.
Exoskeleton type rehabilitation devices are relatively more complex but
can be effectively used for the implementation and measurement of tar-
geted joint movements. There exist several upper-extremity rehabilitation
systems that include forearm-wrist rotations. However, complexity and
required DoF increases since these devices are required to match human
joint movements and joints of human upper limb, especially the human
shoulder is quite complex. As a result, most of the existing exoskeletons
omit one of DoF of the forearm-wrist rotation, most commonly the radi-
al/ulnar deviation. Armin, recently commercialized as Armeo Power [22]
and IntelliArm [23, 24] are two exoskeleton type full-arm therapy systems,
which allow for forearm supination/pronation as well as the flexion/exten-
sion of the wrist. These systems are also equipped with a multi-axes force
sensors to collect force/torque data during therapy. The wrist extension
module of the MIT-Manus system [25, 26] comprises of an actuated car-
dan joint coupled to a curved slider and allows for 3 degrees of freedom
(DoF) forearm-wrist movements. This device is back-driveable and has
been used for measurement purposes [27, 28]. In [29], a two finger assist
mechanism is built which includes flexion/extension of wrist and prona-
tion/supination of forearm movement in order to include most of the activ-
ities of daily living in controlled exercises. These joints are built with two
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serial rotations that are orthogonal to each other and actuated with a servo-
motor. Another 2 DoF device at wrist is WOTAS [30] which differentiates
itself from other designs with a novel actuation for the forearm pronation/-
supination motion. In the literature, various actuation methods have been
considered. One popular approach is to use pneumatic muscles for actua-
tion such as done in RUPERT [31, 32] or to use cable driven transmission
as in Kinarm [33], a planar device capable of flexion/extension exercises for
the forearm and wrist. Other devices have been proposed that utilize the
advantages of the exoskeleton structure and can validate full forearm-wrist
exercises with 3 DoF. W-EXOS [34, 35, 36] and Exorob [37, 38] are two such
examples where authors chose to modularly build a full-arm device while
wrist module is separately analyzed. Apart from these two structures, a
“soft actuated" exoskeleton has been proposed that uses pneumatic muscle
actuators (pMA) with antagonistic pairs [39]. The exoskeleton designed in
ESA features a large number of passive links such that self alignment can be
achieved [40]. Recently, three DoF serial kinematic chain based two robots
are built; Ricewrist-S mechanism which uses capstan drive with electrical
motors [41] and IIT robot with direct drive [42, 43] for back-driveability.
Other arm exoskeletons that have not been implemented as rehabilitation
systems but that are capable of all active forearm-wrist rotations include
CADEN-7 [44], L-EXOS [45, 46, 47] and MasterArm [48].
All of the devices mentioned above are implemented using serial kine-
matic structures, since serial robots are advantageous while targeting for
a large workspace as demanded by rehabilitation applications. However,
mechanisms with closed kinematic chains, or in other words parallel type
mechanisms, result in better actuator utilization, and inherently possess
compact designs with high stiffness and control bandwidth and low effec-
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tive inertia, making it easier for them to satisfy the transparency require-
ment of force feedback applications. These mechanisms are also advan-
tageous as measurement devices as they do not superimpose positioning
errors. The conceptual design of a wearable, force-feedback, forearm-wrist
exoskeleton with a 3UPS-S1 parallel kinematic structure has been proposed
in [49]. This mechanism utilizes human forearm-wrist as a part of its kine-
matic structure and can support 3 DoF rotations of the forearm and wrist,
in an ergonomic fashion. In [50], a cable-driven version of this exoskele-
ton has also been proposed. RiceWrist, the predecessor of RiceWrist-S,
this time in parallel kinematics, is another exoskeleton designed to target
physical rehabilitation of forearm-wrist motions [51, 52]. Similarly, 3RPS-
R kinematic structured device possesses 4 DoF [53], therefore, all wrist
and forearm motions can be independently controlled over their rotational
axes. RiceWrist has also been extended to deliver full arm rehabilitation
therapy, by synchronized control of this device with the MIME system [51].
Designing an exoskeleton mechanism for therapeutic exercises is chal-
lenging due to the prerequisite of robot and human joint axes alignment.
This requirement necessitates a type selection that is specific for targeted
joints, which emphasizes both maximum joint alignment and minimum
manual adjustments required to attach each patient. If the chosen kine-
matic structure of the mechanism is parallel, then an optimal dimensional
synthesis would increase device performance extensively, however, possi-
ble singular configurations in the reachable workspace of the mechanism
should be investigated. In this chapter, design, analysis and implementa-
tion of an optimal parallel forearm-wrist exoskeleton is presented. Cho-
1Parallel mechanisms are commonly denoted by using symbols U, R, S, and P, which
stand for universal, revolute, spherical, and prismatic joint. Symbols corresponding to
actuated joints are underlined in this notation.
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sen kinematic structure facilitate self-alignment, ease of attachment and
wearability thanks to open ring implementation and non-symmetric joint
attachments. A minimal singularity-free workspace volume that can ac-
commodate the range of motion of activities of daily living is identified for
all design variables, including non-symmetrical configurations of 3RPS-R.
Afterwards, task dependent global optimization criteria that are chosen
based on possible impedance based human in the loop controller perfor-
mance are maximized using a multi-criteria optimization method. Further-
more, a workspace optimization including the travel limits of the physical
parts are performed and final workspace of the mechanism is shown to
be singularity-free. Kinematic and dynamic performance of the device is
experimentally characterized in order to validate the efficacy of the ex-
oskeleton.
2.1 Kinematics of Human Lower-Arm and the Forearm-
Wrist Exoskeleton
The movement of human wrist is quite complex, since it is capable of lateral
flexion and extension motions around the radiocarpal and midcarpal joints
axes as well as radial/ulnar deviation motions about an axis that passes
through the capitate. Moreover, the whole human wrist is capable of
supination and pronation movements about the axis of the forearm. Even
though the rotation axes of these motions are subject to small variations
as the joints move, simplified kinematics of the human elbow and wrist
can be quite faithfully modeled as a 3 DoF kinematic chain that allows
supination/pronation of the forearm and flexion/extension and radial/ulnar
deviation of the wrist joint. In the simplified kinematic model which is
generally used in literature, the axes of rotation for these three motions
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coincide at a single point on the wrist. Workspace and torque limits of
human forearm and wrist are listed in Table 2.1. Although it is desired that
final design of the mechanism can cover as much of the range of motion for
each DoF as possible; limits obtained from literature [54, 55, 56] for majority
of activities of daily living (ADL) movements can be incorporated to any
design step as a worst case workspace volume requirement. Minimum
range of motion and minimum torque limits for ADL tasks are provided
in parenthesis.
Table 2.1: Workspace and Torque Limits of Human Forearm and Wrist
Joint Human Isometric Human Joint
Strength [57] Workspace Limits
Forearm Supination: 86◦ (86◦)
Supination/Pronation 9.1 Nm (0.02 Nm) Pronation: 71◦ (71◦)
Wrist Flexion: 73◦ (45◦)
Flexion/Extension 19.8 Nm (0.5 Nm) Extension: 71◦ (50◦)
Wrist Radial Dev.: 19◦ (19◦)
Radial/Ulnar Deviation 20.8 Nm (0.5 Nm) Ulnar Dev.: 40◦ (40◦)
2.2 Design Requirements for Rehabilitation Robot
Following the terminology of Merlet [58], one can categorize the perfor-
mance requirements of a mechanism into four distinct groups: Imperative
requirements that must be satisfied for any design solution, optimal re-
quirements for which a maximal or minimal value of the index is required,
primary requirements which take place in the specifications but can be
modified to some extend to ensure a design solution, and secondary re-
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quirements which do not appear in the specifications but can be utilized
to choose between multiple design solutions.
Ensuring the safety and complying with the ergonomic needs of the
human operator are the two imperative design requirements for a reha-
bilitation robot. Safety is typically enforced by i) providing passive back-
driveability under the case of power loss, ii) maintaining singularity free
and robust workspace and iii) designing controllers with coupled stability
integrated with force/torque limits. Ergonomy of the patient necessitates
joint alignment of operator and robot, ease of attachment and wearability.
In particular, it is desired that chosen mechanism is comfortable to the
user, in a sense that it can enforce the targeted exercises as evenly matched
as possible to human joint axes. Moreover, due to the difficulties caused
by their impairments, cumbersome attachment procedures to the robot
should be refrained; it should be easily adjustable to minimize the manual
modifications for each patient.
Optimal requirements are the metrics that are desired to remain at the
extremum values in order to obtain the maximum performance from the
device. Selection of these values are application dependent and will be
detailed in Section 2.5. The primary requirement for a rehabilitation robot,
on the other hand, may be selected as the volume index [58], which demon-
strates the ratio between the workspace volume and the robot volume. A
large workspace volume index is also desirable to reduce the collisions
of the device with the operator and the environment. The weight of the
device is highly dependent on the selection of the actuators, more than the
link lengths; hence, there exists some flexibility on deciding the total mass
of the kinematic structure. Finally, the secondary requirements for the
device include low backlash, low-friction, and low manufacturing costs.
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Friction and backlash are required for good control performance and are
mainly influenced by the selection of the actuators and the transmission
systems.
In the following chapters, imperative requirements are considered at
each step, however, type selection has the highest impact on ease of attach-
ment and self-alignment. Passive back-driveability is obtained during the
choice of actuator and transmission types at mechanical implementation of
the mechanism. Optimal dimensional synthesis is performed not only to
optimize performance of the mechanism under impedance-based human-
in-the-loop controllers, but also to facilitate wearability of the mechanism
utilizing the non-symmetric design and open ring implementation. Se-
lection of Pareto-optimal design configuration is based on wearability, in-
creased workspace volume and some of the secondary requirements. Prior
to implementation, reachable workspace of the mechanism including the
physical limitations of the chosen parts is optimized.
2.3 Type Selection
A mechanism that is to be used for rehabilitation therapies should at least
accommodate imperative performance requirements that are described in
Section 2.2. Ergonomy can be increased in many fragments of the design
process but mostly determined by the type selection. To elaborate, a kine-
matic chain that is suitable to serve as an exoskeleton should have rotation
axes of its joints coincident with the rotation axes of human forearm and
wrist when the device is worn by an operator. Manual adjustment of these
link lengths may result in cumbersome installation and calibration pro-
cesses. To this end, a type selection is performed that can maximize the
joint alignment of user and robot and procure minimum manual adjust-
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ments for each patient.
Consequently, in order to span an acceptable portion of the natural
human wrist and forearm workspace and to ensure alignment of the axes
of rotation of human joints with the controlled DoF of the device such
that decoupled actuation and measurement of human joint rotations are
possible, a closed kinematic chain based mechanisms, namely a 3RPS-
R mechanism, is selected as kinematic structures of the exoskeleton. Even
though there has been important advances in the type synthesis of these
mechanisms [59, 60, 61], design and analysis of many of even the most
basic types of these mechanisms are still open research topics [62]. Being
compact and allowing for human arm motions without collisions with the
device, 3RPS-R mechanism is one of the most suitable candidate to serve
as wearable force feedback device. The 3RPS-R mechanism is of hybrid
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Figure 2.1: Schematic representation of 3RPS-R mechanism in perspective
view
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kinematic structure and comprises of a 3RPS parallel wrist in series with
an actuated revolute (R) joint at the base platform of the wrist, Figure 2.1.
The 3RPS platform, first introduced by Lee et al. [63], and further analyzed
in [64], consists of five bodies: a base platform F , three extensible links
R , S , T , and a moving platform W . The end-effector held by
the operator is rigidly attached to the moving platform W. Extensible
links are connected to the base platform via revolute joints whose axes of
rotation are oriented along the tangents of F , while the moving platform
is connected to the extensible links by means of spherical joints. The 3RPS-
R mechanism is first utilized as an exoskeleton by Gupta et al. [65] and
adapted as a rehabilitation device in [66].
Translational DoF through forearm rotation axis provided by this partic-
ular kinematics can be utilized not only for ease-of-attachment, therefore,
eliminating the need of additional adjustments for each user shortening the
setup time required to attach the patient to the exoskeleton and allowing
more effective time spent on exercises, but also enables the implementation
of novel rehabilitation therapy schemes which includes medial forces that
pull/push wrist tendons during rotational movement similar to an isotonic
exercise [20, 67].
As previously mentioned, performance of parallel structures highly
depends on their dimensions, and choice of design variables to maximize
the device performance is as important as the chosen optimization cri-
teria. Since translational DoF is employed for ease of attachment and
calibration of the device for each patient, radii of base and end-effector
platforms would remain as an important performance determinant. For
normalized analysis, ratio of radii of these two platforms is chosen as one
of the optimization variables. Second design variable is chosen as the joint
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placement angle, since this variable not only changes the performance of
the mechanism substantially, but also facilitate wearability of robot when
base and end-effector platforms are implemented in open ring structures
providing wider space to the patient for approaching the robot during at-
tachment. In addition to their obvious effects to kinematic and dynamic
performance of exoskeleton, these two variables also play a crucial part in
the singularity-free workspace volume of the mechanism.
2.3.1 Configuration Level Kinematic Analysis
3RPS-R mechanism has four DoF, with one independent translational mo-
tion in n3 axis (see Figure 2.2) and three DoF complex rotation inR3 which
resides in a non-Abelian group SO(3). Any rotation in R3 can be rep-
resented with Euler parameters (unit quaternions) which is the spherical
metric on hyper-sphere of dimension three S3 providing a double cover
over SO(3). This representation results in a more effective handling of
composition of rotations, in addition to relatively better numerical stabil-
ity.
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Figure 2.2: Schematic representation of the 3RPS-R mechanism with sig-
nificant points
In this study, the unit quaternions (Euler parameters) are represented
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as
Υ = [4, T]T (2.1)
where 4 ∈ R and  = 1 n1 +2 n2 +3 n3 ∈ R3 with ni representing the basis
vectors for Newtonian frame. These parameters can be calculated directly
from angle-axis representation (rotating the body about an axis λ ∈ R3 by
an angle of rotation θ ∈ (−pi, pi)) using
4 = cos
(
θ
2
)
,  = sin
(
θ
2
)
λ (2.2)
Regardless of the representation of the end-effector rotation, the mapping
between actuator (joint) position/orientation values and end-effector con-
figuration is required, namely, the forward kinematics of the device in
position level:
x = Γ(q) (2.3)
where x = [p3; [4, T]T] is the task-space parameters. p3 is translation of
the end-effector with respect to base with rO E = p1 n1 + p2 n2 + p3 n3. In
particular, rO E defines the vector from point O, which is a fixed point in
Newtonian base, to the point E, the center of end-effector body. Moreover,
q defines the active joint variables q = [α1, α2, α3, φ]T with αi representing
the prismatic joint values at each leg and φ the rotation value between
base and parallel structure. Basically, with four active joint variables, four
DoF at end-effector can be controlled; one of them being the translational
movement p3 and the others represent the orientation of the end-effector.
Note that unit quaternions includes the unity constraint equation; 24 +
‖‖22 = 1. Remaining parameters of end-effector configuration and passive
joint values are dependent coordinates which can be calculated through
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constraint equations of the device:
0i = rO E + rE Si − rO Si (2.4)
where rE Si are the vectors from the end-effector center to the spherical
joint coordinates for each leg yielding nine scalar equations. These loop
equations would naturally sum up to zero vectors since a closed con-
tour is tracked. Although many alternative loops may be chosen for the
constraint equation, appropriate designation of these equations and gen-
eralized coordinates of the mechanism may simplify forward kinematics
extensively. For that purpose, this study follow the methodology similar
to the work of Gallardo et al. [68], where nine constraint equations are
selected such that six measure numbers of rO Si vectors can be eliminated.
Afterwards, remaining three measure numbers are solved with numeri-
cal methods on-line, resulting in more efficient computations with smaller
matrix multiplications for calculating the gradient of these zero vectors.
This elimination method eventually yields the relationship between
active joint variables q and spherical joint centers [pxi, pyi, pzi] and only
focuses on the parallel part of the 3RPS-R robot with the F frame being
the base for the analysis. Afterwards, computations between spherical
joint centers and end effector coordinates x as well as the solution of the
serial part which consists of a simple rotation φ between bodies N and
F and can be performed trivially.
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Forward Kinematics with Elimination Method
In particular, modified forward kinematic problem becomes the solution
of the generalized coordinates ζ:
ζ = [px1, py1, pz1, px2, py2, pz2, px3, py3, pz3] (2.5)
where vectors to each spherical joint centers from origin are defined for
i = 1, 2, 3:
rO Si = pxi n1 + pyi n2 + pzi n3 (2.6)
Modified constraint equations used for kinematic solution of the parallel
part can be verbally summarized as :
1. Scalar product of the vector on each prismatic link and the rotation
axis of the corresponding revolute joint is zero. In other words,
revolute joint constrains the motion on its rotation axis for each limb.
2. Length of the vector on the prismatic link is equal to the generalized
coordinates αi for each limb.
3. Length between each spherical joint location is known since the shape
and size of the end-effector are determined.
and in mathematical formulation :
1. rTi Si · ui = 0
2. rTi Si · rTi Si = (αi)2
3. rSi Sj · rSi Sj = Li j
where j = 1, 2, 3 while j , i, and Li j denotes the physical distance scalar
between spherical joints on the end-effector body, rSi Sj = rO Sj − rO Si that
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can be simply measured from the manufactured part and rTi Si denotes the
vector from the revolute joint to the spherical joints.
This intuitive choice of the constraint equations greatly simplifies the
solution of the measure values of rO Si vectors with respect to active gener-
alized coordinates. First constraint equation rTi Si ui = 0 yields three linear
equations in pyi which can be used to eliminate these variables. Second
constraint set, rTi Si rTi Si = α2i , can be used to form the three equation sets
which yields three quadratic functions.
0 = f(px2i , pz
2
i , α
2
i ) (2.7)
Intermediate parameters can be defined p¯z2i = pzi which are linear in
Eqn. (2.7) and can be solved analytically. Substitution of these solutions to
third constraint equation will yield three non-linear equations for each leg.
With these three non-linear equations, solution for the position forward
kinematic mapping are obtained. In other words, given actuator values
α1, α2, α3, using a numerical method, pxi generalized coordinates are cal-
culated on-line, where the remaining measure numbers of rO Si vectors are
already solved linearly.
Once the position of the spherical joint centers are located, determining
the configuration of the end-effector body is straightforward. Orientation
of a body with respect to a reference frame can be determined if two vectors
on the body can be explicitly defined with respect to both frames; body
and reference. Let p and q vectors be formed such as p = rO S1 − rO S2 and
q = rO S3 − rO S2 , while k represents the cross product of these two vectors
k = p × q; rotation matrix of the first frame with respect to the second
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frame can be formed using [69] :
FRWi j = fi , I¯ , wj (2.8)
where fi and wj , represents the basis vectors for frame F and end-
effector reference frame W , respectively. Here I¯ is a dyadic formed with
the formula:
I¯ =
p × (qk) + q × (kp) + k × (pq)
k · k (2.9)
Therefore, using spherical joint locations, orientation of the end-effector
with respect to the base of the parallel mechanism, F , is acquired, FRE.
Exploiting the hybrid structure of the mechanism, orientation of the end-
effector with respect to Newtonian frame can easily be obtained by NRE =
NRF FRE, where
NRF =

cos(φ) sin(φ) 0
−sin(φ) cos(φ) 0
0 0 1
 (2.10)
Inverse Kinematics with Elimination Method
Position level inverse kinematics can be required in control algorithms and
is defined by the necessary displacement in joint space variables (α1, α2,
α3 and φ ) when the end-effector configuration is provided. Inverse kine-
matics solutions of the parallel mechanisms are generally easier, and in
most cases analytic derivation is possible. Similar to forward kinematics,
it is possible to handle the serial part of the 3RPS-R mechanism separately
from the parallel structure 3RPS without loss of generality. Starting from
the parallel structure and ignoring the rotational DoF. φ, the three vector
loops in Eqn. (2.4) are used to form nine scaler equations that are linear
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in the nine measure numbers of the three rO Si vectors. Afterwards, sec-
ond constrained function is used to define the quadratic mapping between
prismatic joint lengths αi and these generalized coordinates. In order to
complete the inverse kinematics of the hybrid 3RPS-R mechanism, map-
ping between independent and dependent end-effector values should also
be acquired. Dependent coordinates are the translation of the end-effector
in n1 and n2 and the rotation around third principle axis. Finding the p1
and p2 measure numbers are trivial using the first constraint equations in
which these translational coordinates are linear.
Regarding the last dependent coordinate, it should be emphasized that
due to the complex movement of the parallel part and representation of
the end-effector rotations, active simple rotation on the serial part φ cannot
simply be designated as the rotation of the end-effector in third principal
axis with respect to Newtonian frame. In particular, end-effector rotation
around the third principle axis n3 is the combination of the active joint
rotation around the base φ, and uncontrolled rotation due to the coupled
complex motion generated by the active prismatic joints. Solution of the
latter rotation can be calculated using the remaining scaler equation of the
first constraint equation. Once this nonlinear equation is solved, orienta-
tion of end-effector with respect to F frame is found which can be used for
extracting the simple rotational movement required in φ.
2.3.2 Motion Level Kinematic Analysis
Exploiting the hybrid structure of the mechanism and using Euler angles
for orientation representation of the end-effector, one can obtain simpler
solution for dependent coordinates of the end-effector body, p1, p2 and ψ3.
Therefore, given three possible p3, ψ1 and ψ2 coordinates, configuration of
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the end-effector with kinematic constraints can be defined by the transfor-
mation matrix:
FTE =

p1
FRE p2
p3
0 0 0 1

(2.11)
Note that FRE represents the rotation matrix between end-effector and base
of the parallel structure. Rotation matrix is formed with Euler angles se-
quence, ’XYZ’, in which ψ1, ψ2 and ψ3 are Euler angles for each axis of
rotation, respectively. Active rotational DoF at base φ is omitted in singu-
larity analysis without loss of generality, since finding singular positions
in 3RPS kinematic chain would also identify workspace characteristics of
the 3RPS-R device due to the hybrid nature of the mechanism.
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Figure 2.3: Schematic representation of a single leg of 3RPS-R device. q2
is the passive joint angle between base and second leg, while ε1 and ε3 are
frame vectors of the second leg formed with respect to the simple rotation
of q2.
In order to identify the Plücker vectors of 3RPS mechanism, loop equa-
tion on each leg is written.
0 = rF T2 + rT2 S2 − rT S2 − χ (2.12)
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where T2 and S2 are the revolute and spherical joint centers of the second
leg, respectively, while F and E is the center points of base and end-effector
bodies, Figure2.3. χ is the end-effector position which is defined as χ =
p1 f1+p2 f2+p3 f3. Taking the time derivative of loop Eqn. (2.12) with respect
to base reference frame yields:
0 =
Fd rF T2
dt
+
Fd rT2 S2
dt
−
Fd rE S2
dt
− χ˙ (2.13)
with
Fd rF R2
dt
= 0 (2.14)
Fd rT2 S2
dt
=
Fd (α2 ε3)
dt
= α˙2 ε3 + α2
Fd ε3
dt
α2
Fd ε3
dt
= α2 (FωS × ε3) = α2 q˙1 (ε1 × ε3)
Fd rE S2
dt
= FωW × rE S2
where α2 is the variable for the prismatic link for the S body in Figure 2.3,
while FωW is the angular velocity of the end-effector with respect to base.
Substituting equations (2.14) into (2.13) and rearranging results:
α˙2 ε3 + α2 q˙1 (ε1 × ε3) = χ˙ + FωW × rE S2 (2.15)
In order to analyze the relationship between prismatic joint angles αi and
end-effector configuration [χ˙; FωW], six scalar equations are needed which
can be obtained by the scaler multiplication of the Eqn. (2.15) with two unit
vectors of the same leg, ε1 and ε3.
α˙2 ε3 · ε3 + α2 q˙1 (ε1 × ε3) · ε3 = χ˙ · ε3 + (FωW × rE S2) · ε3 (2.16)
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α˙2 ε3 · ε1 + α2 q˙1 (ε1 × ε3) · ε1 = χ˙ · ε1 + (FωW × rE S2) · ε1 (2.17)
Taken into account the Jacobi identity of cross product, equations (2.16)
and (2.17) can be simplified to:
α˙2 = χ˙ · ε3 + FωW · (rE S2 × ε3) (2.18)
0 = χ˙ · ε1 + FωW · (rE S2 × ε1) (2.19)
Note that while Eqn. (2.16) is defining the relation between end-effector
configuration and input parameters, Eqn. (2.17) defines the relationship of
dependent variables with respect to independent end-effector coordinates.
Equations can be grouped in order to form:
ε3, (rE S2 × ε3)ε1, (rE S2 × ε1)

 χ˙FωW
 =
α˙20
 (2.20)
Writing Eqn. (2.20) for each leg:
Jx χ˙ = Jq Q˙ (2.21)
where χ˙ is the end-effector velocities [χ˙; FωW], while Q˙ is the augmented
joint coordinates [α˙i, 0]. Note that in this equation, end-effector and joint
coefficients (Jacobian matrices Jx and Jq = I, respectively) are 6× 6 matrices
which can be defined as full Jacobian matrices including the constraint
relations due the deficient rank of three DoF manipulator.
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2.4 Singularity Analysis with Grassmann Line-Geometry
In this framework, singularity analysis, which is carried out by utilizing
Grassmann line geometry (studied by H. Grassmann (1809-1877)), is incor-
porated into the design process in two occurrences, during dimensional
and workspace optimization procedures. Performance metrics used in
dimensional optimization are global metrics, in other words, they are cal-
culated over a predefined workspace which is desired to be singularity-free
for all design configurations. Therefore, although singularity analysis in
this study follows a similar approach to [70] in which singular configura-
tions of a symmetric 3RPS device is analyzed, this requires a more general
approach which could also be used for analyzing non-symmetric config-
urations of 3RPS-R. Once the optimal dimensions are chosen, the same
derivations are performed for the specified optimal design variable and
identified singular configurations are used as a constraint in the workspace
optimization process. Therefore, we approach the singularity analysis
pragmatically, symbolical derivations performed here are only solved for
the possible reach of the device, where singular configurations at crooked
angles and very large or negative translational movements are not an-
alyzed. For a symmetric mechanism, extensive analysis can be found
in [70].
This section focuses on the Grassmann line geometry calculations and
defining the Plücker vectors through vector notations for that purpose. For
a 6 DoF mechanism this matrix could be derived trivially as the columns
of the inverse transpose Jacobian. In particular, six Plücker vectors spans
the Jacobian matrix of the mechanism J, which should be full rank in order
to avoid singularity. This yields that six Plücker vectors that are defined
specifically for the mechanism should be linearly independent [71, 72],
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which could be checked with Grassmann set of lines; geometric conditions
in order to detect that any subset spanned by n number of lines have a
rank lesser than n. Therefore, identification of singularity loci requires the
determination of configurations which satisfy Grassmann constraints over
six linear varieties with a total of thirteen conditions.
Once it is possible to identify the singular configurations for different
design parameters, a singularity free workspace is sought for all these
parameter sets in order to identify a volume that at least cover the range
for majority of the ADL tasks, where global optimization criteria can be
safely computed.
2.4.1 Defining Plücker vectors for 3RPS Mechanism
The full Jacobian matrix Jx contains information on the Plücker vectors of
the mechanism. Before advancing any further, a brief summary of Plücker
vector definition is needed.
A line can be defined by its six dimensional Plücker vector given two
points on the line and a reference point. Let M1 and M2 be the two points
on the line and a be the vector defining the position of first point with
respect to origin while b is the vector connecting the two points. Plücker
vector is defined by:
PD = [b (a × b)]T; (2.22)
According to this notion, two Plücker vectors for the second leg can be
identified through Eqn. (2.20), P2 and P5 with P2 = [ε3, (rE S2 × ε3)]T and
P5 = [ε1, (rE S2 × ε1)]T. In particular, P2 defines a Plücker vector which
is in the direction of prismatic joint ε3 and it passes through rE S2 while
P5 also passes through same point with the direction of revolute joint ε1.
However, the definition of a line passing through rE S2 needs an auxiliary
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reference frame which has identical basis vectors with Newtonian frame
but with e point as the origin according to the definition of Plücker vectors.
In order to define the vectors in Newtonian frame from the base o, a
modification on the last term of Eqn. (2.15) is necessary. Using the equality
of rE S2 = rE O + rO S2 , it can be rewritten as
α˙2 ε3 + α2 q˙1 (ε1 × ε3) = ˙¯χ + FωW × rO S2 (2.23)
with ˙¯χ defined as ˙¯χ = χ˙ + FωW × rE O. Repeating the same intuitive steps,
modified Jacobian matrix rows for the second leg can be obtained as :
ε3, (rO S2 × ε3)ε1, (rO S2 × ε1)

 ˙¯χFωW
 =
α˙20
 (2.24)
Note that ˙¯χ represents the velocity of the end-effector center which is
projected to the Newtonian frame and Plücker vectors are defined with
respect to the point o with the rO S2 vector as the passing point. With
the Plücker vectors for remaining legs defined, Jx can be written as Jx =
[P1,P2,P3,P4,P5,P6]T. The schematic representation of Plücker vectors on
3RPS is given in Figure 2.4. Three of the Plücker vectors are coincident
to each actuated prismatic link (P1, P2, P3) and three vectors are parallel
to revolute joint directions at base and pass through consequent spherical
joint points (P4, P5, P6). They are consistent with the literature where the
motion characteristic of a symmetric 3RPS mechanism is analyzed with
Screw Theory [70, 73].
Using a full rank Plücker vector based on full Jacobian Jx which inherits
not only the relation between generalized speeds and joint variables but
also the constraint equations of the system yields a combined Jacobian
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Figure 2.4: Schematic representation of 3RPS-R device with Plücker vectors
matrix in the sense of singularity types. Therefore, as suggested in [74,
75], singularity analysis through these Plücker vectors is necessary and
sufficient condition in order to identify all types of singular configurations
of the mechanism without any possible identification of the particular type.
2.4.2 Grassmann Geometric Constraints
In order to analyze the linear dependencies of six Plücker vectors, there-
fore, identify the singularity loci, configurations which satisfies Grassmann
geometric constraints over six linear varieties should be determined. For
more detailed description of finding singular configurations of parallel
mechanisms with Plücker vectors and Grassmann line geometry, readers
should also refer to [71, 72]. As previously mentioned, in order to detect
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that any subset spanned by n number of lines have a rank lesser than n, con-
figurations which satisfy Grassmann constraints over six linear varieties
with thirteen conditions should be identified.
The first variety is the empty set of rank 0. Next one is the point
(rank=1) which is corresponding to a line in 3D space. The second variety
is called lines (rank=2) and have two possible occurrence; either as a two
skewed lines in <3 which does not intersect (2a), or a pencil of lines; all
lines are in the same plane and intersects at a certain point (2b). The
planes (rank=3) can be formed with four different types. A regulus (3a),
union of two flat pencils in distinct planes with distinct centers having a
line in common (3b), all lines go through a point (3c) and all lines are in
a plane(3d). Moreover, varieties of dimension 4 are called congruences
which has also four types. Elliptic congruence (4a) is the case when a
linear spread is generated by 4 skew lines. Hyperbolic congruence (4b)
occurs when all the lines are concurrent with two skew lines. Parabolic
congruence (4c) is a one-parameter family of flat pencil, having one line
in common which forms a variety. Last type is the degenerate congruence
(4d) where a minimum of two lines out of five lines are coplanar and the
remaining lines intersect at a point on the plane. Varieties with (rank=5) are
called complexes with two types, non-singular complex (5a) is generated
by five independent skew lines and singular (or special) complex is defined
by all the lines meeting at one given line (5b).
The detailed definition of each variety and their corresponding solu-
tions for 3RPS mechanism are summarized in Table 2.2. Solutions of each
singular configuration are provided in Appendix A for further details.
Note that definition of singularities according to each variety is defined
vector based which could easily be solved with numerical analysis over
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Figure 2.5: Grassmann varieties
the workspace for any set of dimension values. Therefore it can be easily
incorporated to the design process at desired steps. In this work, this anal-
ysis is utilized for determining a singularity free workspace for all variable
sets in dimensional optimization and a case specific analysis for the cho-
sen design configuration through the workspace optimization. Numerical
solutions of these calculations would be given in relevant places. How-
ever, keeping in mind that for both cases, singular values which are inside
our search space are relevant, and in order to sum up the varieties which
resides in 120 mm to 160 mm translational DoF;
• (2b) where end-effector plane is parallel with the plane built by two
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leg Plücker vectors [(1 configuration * 3 leg dual combinations) for
each translational DoF],
• (4b) where there exists two lines which intersects four Plücker vec-
tors,[(1 configuration * 3 leg dual combinations) for each translational
DoF]
• (5a) where intersection of three planes constructed by the Plücker
vectors on each leg intersects the end-effector plane,[3 translational
values of which one is between desired range for each configuration]
• (5b) where there exists two lines which intersects six Plücker vec-
tors,[(1 configuration * 3 leg dual combinations) for each translational
DoF]
Configuration for (2b) is trivial to visualize and solve numerically; a
sample singular configuration is given in Figure 2.6. Conditions (4b) and
(5b) are either at crooked angles or configurations way out of the desired
workspace of the mechanism [70].
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Figure 2.6: Singular 3RPS-R condition under (2b)
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Singular points lying between 10 and 160 mm translational movement
for all available conditions are marked in Figure2.7 for an asymmetric
mechanism, particularly with 105.8◦ connection angle and 55 mm 121.4 mm
top and base platform radii. Singular conditions lying between 120 and
160 mm which is the estimated range of motion of the mechanism in n3
axis and within the range of motion for rotational DoFs of human are
solely based on condition (5a) and pointed out with red markers. It should
be noted singular configurations for all conditions are undergone slight
modifications based on the connection angles, but most notable change
is second set of lines of (5b) condition (5b2i) which is only apparent in
asymmetric designs such as given example, although they do not impose
any restrictions in usable workspace. However, this sub-condition was not
geometrically possible in symmetric case [70].
Table 2.2: Singularity Analysis of 3RPS Device with Grassmann Line Ge-
ometry
Variety Name Condition Validation Singular Configurations
1 1 A line degenerates
to a point in<3
Only Plücker vectors that can degenerate to
points are associated with prismatic joints,
which means link lengths becomes zero. This
is not possible due to the physical design.
None
2 2a Two skewed lines
in <3 which does
not intersect
Two skew lines (zero-pitch screws) are only
dependent on themselves, therefore, this case
is not a potential case of an uncertainty.
None
2 2b Pencil of lines; all
lines are in the
same plane and in-
tersects at a certain
point
Two leg Plücker vectors can form a plane with
one constraint vector and a common intersec-
tion point can be spotted on this plane.
P1, P3 and P5 lines intersect at
s2 Figure 2.6 and similar con-
figurations for each leg.
Continued on next page
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Table 2.2 – continued from previous page
Variety Name Condition Validation Singular Configurations
3 3a Three independent
lines belonging to a
regulus
Every couple of lines intersects at each spheri-
cal joint location, therefore fourth line belong-
ing to either of the regulus does not exist [72].
None
3 3b Two flat pencils
having a line in
common and lying
in distinct planes
and with distinct
centers
Not possible since only flat pencil can be gen-
erated with the condition 2b, where other
lines are either coplanar with end-effector
(constraint Plücker vectors) or intersecting at
the same point (remaining leg vector P2).
None
3 3c A minimum of
three lines passing
through a point
In configurations where condition 2b is valid,
a forth line (remaining leg Plücker vector) is
always intersecting three lines of planar pen-
cil at a common point..
Same as 2b
3 3d A minimum of
three coplanar and
non concurrent
lines
Translational movement of the mechanism
should be zero, which is not possible.
None
4 4a A linear spread
is generated by 4
skew lines
Similar to 3a, five skew Plücker vectors cannot
be identified.
None
Continued on next page
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Table 2.2 – continued from previous page
Variety Name Condition Validation Singular Configurations
4 4b All four lines are
concurrent with
two skew lines
Two lines which intersects quadruplets of
Plücker vectors (two leg, two constraint vec-
tors) can be identified for each couple of mech-
anism legs.
For (P1, P4, P2 and P5) in-
tersects with γ and β; γ is
in the direction of r s1 s2 and
passes through correspond-
ing spherical joint, while β
is the intersection of planes
spanned by the duple set of
Plücker vectors (℘14 : P1,P4,
℘25 : P2,P5). Should be
checked for all combinations
of four Plücker vectors, (P1,
P4, P3 and P6) and (P2, P5, P3
and P6).
4 4c Four lines form
among themselves
three planes with
family of flat pen-
cils, having one line
in common.
Similar to 3b, this condition cannot be real-
ized.
None
Continued on next page
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Table 2.2 – continued from previous page
Variety Name Condition Validation Singular Configurations
4 4d If a minimum of
two lines out of five
lines are coplanar
and the remaining
lines intersect at a
point on the plane
All possible conditions should be checked.
1)Having five coplanar lines is not possible.
2)Four coplanar lines and one line with a cer-
tain point on that plane: This case is identical
to 3d, which is not possible. 3)Three coplanar
lines and two lines intersecting a point on the
plane: Three constraint vectors are coplanar,
however, the intersection point for each cou-
ple of leg vectors can be on this plane only
for zero translation value where end-effector
plane is identical with the base plane. This is
also valid for coplanar leg vectors and it is not
realizable in mechanism. If the two constraint
lines and one leg line are chosen as coplanar,
for example P1, P4 and P5 , two vectors can be
found which intersects this plane at the same
point (P3 and P6 intersecting at s3). However
this case is identical to the condition (2b) in
this mechanism.
Identical to either 3d (None)
or 2b
5 5a General complex
generated by five
independent skew
lines
The coplanar lines of a complex meet at a com-
mon point.
Check if the intersection of
three planes constructed by
the Plücker vectors on each
leg intersects the end-effector
plane.
5 5b Special complex is
generated by five
skew lines inter-
secting with a line.
There exist a line which pass thorough six vec-
tors.
This case can be build over
4b; common lines in 4b could
be used as basis and checked
if either of them intersects re-
maining Plücker vectors.
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2.4.3 Singularity-Free Workspace Analysis for Non-Symmetric 3RPS Mech-
anism
Objective functions that are based on kinematic or dynamic properties are
more meaningful when they are global representations over the workspace
of the device. However, as it is previously mentioned, singular configura-
tions of the mechanism is affected by its dimensions, especially considering
the variables chosen in this work; joint placement angle significantly alters
the device’s behavior. Therefore, prior to any optimization step, a prelimi-
nary analysis is performed in this subsection which identifies the limits of
the singularity free workspace in which global performance functions can
be calculated.
The initial span of parameters that will vary to optimize the perfor-
mance measures are θ = 75◦...120◦ for the joint placement angle, and
η = 0.25...0.90 for the ratio of the radii of the two platforms. However,
one of the essential design constraints of the mechanism is to cover the
functional ROM of the human wrist during ADL, in particular, at least
45◦ for flexion/extension and −40 to 20 for radial/ulnar deviation and it is
desired to utilize the optimization procedure at least with this workspace
volume. For Figure 2.8 demonstrates singularity free workspace over ψ1
and ψ2 between 120 mm and 160 mm translational DoF for a sample of de-
sign configurations, which shows that this workspace volume has singular
configurations for some of the design parameters.
Analysis of different design configurations points out that singularity
free workspace of the mechanism for all design parameters are close to
the volume desired by the activities of daily living. However, when the
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connection angle of joints are at exactly 90◦, singular configurations exists
within the outer boundary therefore limiting the continuous workspace
grid. Since, a grid based singularity identification is applied, this becomes
too much of a risk considering the grid may not be sufficiently detailed to
catch other singular configurations within the workspace. Therefore, with
also eliminating the first set of ratio of radii of two platforms η, singularity
free workspace for remaining design parameters can be identified as shown
in Figure 2.9 which yields η” = 0.30...0.90 and θ” = 92.5◦...120◦ for new
parameter space. The final workspace W for optimization becomes the
points lying in the safe zone which are marked with red dots, in particular,
it represents a singularity free workspace that is identified for all design
variables which also can cover the workspace volume for majority of the
ADL tasks. Translation DoF is set to 125 mm and serial rotational DoF is
kept at initial value for the sake of computational complexity.
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Figure 2.7: Singular 3RPS-R configurations for all conditions between 10
and 160 mm
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Figure 2.8: Singular configurations for different design configurations.
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Figure 2.9: Singularity-free workspace that is used in multi-criteria dimen-
sional optimization.
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2.5 Optimal Dimensional Synthesis
Dimensions of the parallel mechanisms change the performance of the
device drastically, necessitating an optimization procedure for increased
efficiency [76, 77, 78]. These studies determine the set of non-dominated
solutions by characterizing the trade-off between actuator utilization and
dynamic performance of the 3RPS-R wrist exoskeleton and suggest di-
mensions of the mechanism to achieve an “optimal” solution [79]. Select-
ing the performance measures for the optimization is crucial and highly
application-oriented. Hence, the choice of the optimization measures
should be well established in accordance to the optimal requirements in
Section 2.2.
2.5.1 Determination of Performance Criteria
The proposed mechanism is designed specifically for active forearm and
wrist rehabilitation exercises primarily along the flexion/extension and ab-
duction/adduction and secondarily along pronation/supination DoF. There-
fore, it is natural to maximize the actuator utilization along these DoF.
Considering the device is designed to function with human hand in the
loop, imposing worst-case kinematic isotropy measures as performance
criteria would be too conservative. Consequently, a sensible performance
measure to optimize in order to maximize actuator utilization is the aver-
age kinematic isotropy index (AII). Kinematic based performance metrics
based on isotropy index such as AII are useful to represent important
characteristics of the robot, however, limited information on the behavior
of the robot under control implementation can be obtained without the
dynamical properties. In particular, high mass values are shown to be
detrimental to control performance, in not only the stiffness bandwidth
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of the device [80], but applications based on tele-operation [81]. There-
fore, in order to increase the control performance, Global Dynamic Index
(GDI) is chosen for the second performance metric which penalizes the
biggest eigenvalue of mass matrix. Since these two performance metrics
are not only essential and dependent to each other, which necessitates a
multi criteria optimization that concurrently tackles the problem, but also
global measurements, in a sense that they are calculated over a predefined
workspace which should be chosen to be singularity-free for all parameters
sets as shown in sub-section2.4.3.
2.5.2 Scaling of Jacobian and Mass Matrix
The kinetostatic performance of the robot is characterized by four by four
matrix which demonstrates the relationship between input and output
generalized velocities for 3RPS-R device. Let Jx be defined as:
Jx =
W4x4 V4x2T2x4 U2x2
 (2.25)
Then: 
p˙3
ω1
ω2
ω3

= J4x4 ∗

α˙1
α˙2
α˙3
α˙4

(2.26)
where,
J4x4 = W4x4 + V4x2 U−12x2 T2x4 (2.27)
However, before advancing further, it should be noted that 3RPS-R de-
vice has a Jacobian matrix with mixed physical units and measures based
on condition number of the Jacobian matrix is of little practical significance
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in the presence of non-uniform physical units [82, 83]. For that purpose,
several normalization methods have been proposed such as characteristic
length [84] or natural length [85]. Despite all these techniques, a task-space
based normalization method is chosen [86, 87, 82], since it provides a sys-
tematical way to incorporate additional design goals into the optimization
procedure utilizing the required end-effector forces into the normaliza-
tion procedure. In order to summarize, task and joint space forces are
represented as their maximum values:
τ = JTF (2.28)
F = S′R S
′
T ∆F (2.29)
τ = SJ ∆τ (2.30)
ST = S′R S
′
T (2.31)
Jˆ = ST J S−1J (2.32)
where S′T and SJ are diagonal scaling matrices with maximum values for
end-effector and joint space forces, respectively, while S′R is a task space
rotation matrix which is used to rotate axis of desired force ellipse if the
end-effector vectors are not aligned to the origin frame, which is in this
case equals to identity matrix. Finally Jˆ becomes the normalized Jacobian
matrix.
As mentioned previously, this approach enables the incorporation of
some primary and secondary requirements into the optimization proce-
dure. In particular, maximum force and torque values can be chosen for
the focused human joint and the used kinematic structure, since the mech-
anism would be optimal when it can ensure the enforced normalization
values. This also means that changing these parameters would change the
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outcomes of the optimization procedure provided in this work, which in
itself, makes this method a general approach for different applications.
In this particular case, the end effector force scaling matrix is derived
with the help of isometric strength of human from Table 2.1 (symmet-
ric torque outputs for flexion/extension and radial/ulnar deviation 20 Nm,
and 10 Nm for forearm pronation/supination), with slight modifications.
Taking into account the hybrid kinematics structure of the robot, fore-
arm rotations that are mostly caused with the rotation at the serial part
are deliberately limited in kinematic analysis. Moreover, flexion/extension
movement is slightly favored over radial/ulnar deviation in normalization,
based on the higher RoM at this rotation in human movements. The re-
maining maximum translational force can be set arbitrarily, since it will be
mostly used as a passive element and chosen to be 30 N, which is around
the maximum translational force seen at the end-effector when all motors
are at their continuous maximum. The torque maximums, SJ is set to
identity matrix for parallel mechanism, since identical motors would be
used for actuation. Torque value for the serial part is chosen arbitrarily
within the implementable region. Considering that normalization of any
scaling matrix is possible without loss of generality [87], both matrices can
be rewritten as:
ST = diag[0.03, 23 mm, 20 mm, 5 mm] (2.33)
SJ = diag[1, 1, 1, 400 mm] (2.34)
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For the scaling of the mass matrix, a similar approach can be applied:
F = Mend x¨ (2.35)
ST ∆F = Mend SA ∆ a (2.36)
Mˆend = S−1T Mend SA (2.37)
where SA are diagonal scaling matrix for maximum acceleration of the
end-effector, Mend = J−T M JT represents the mass matrix observed at end-
effector space and Mˆend is the normalized mass matrix. While maximum
force requirements are kept as same as the kinematic normalization, max-
imum acceleration values are set such that:
• Acceleration of the seldom used translational DoF is set to be partic-
ularly slow than the rotational axes movements,
• Movement against the gravitational force (radial/ulnar deviation) is
slower than flexion/extension and,
• Maximum acceleration of the forearm rotation is higher than the
other rotations, since moment of rotation during this movement is
significantly higher than the other axes due to the rotation of the
whole parallel structure with this DoF.
SA = diag[1 mm/s2, 1 rad/s2, 0.5 rad/s2, 4 rad/s2] (2.38)
2.5.3 Solving Dimensional Optimization
With the normalized Jacobian and Mass metric, objective functions AII and
GDI can be given as:
AII = avgκ0,κ1∈W
σ(Jˆ(ρ, κ0))
σ(Jˆ(ρ, κ1))
(2.39)
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GDI = minκ0,κ1∈W
1
1 + σ(Mˆend(ρ, κ1))
(2.40)
σ and σ are the minimum and maximum singular values of the Jacobian or
Mass matrix, κ0 and κ1 are the configurations in the workspace that result
in the extreme values, ρ is the column matrix of design variables. Finally
W is the singularity free workspace for the design variable sets which is
calculated in subsection 2.4.3.
The negative null form of the multi-objective optimization problem can
be stated as
max F(ρ,β, κ0, κ1)
G(ρ,β) ≤ 0
H(ρ,β) = 0
αl < α < αu
(2.41)
where F represents the column matrix of objective functions that depend
on the design variables ρ and parameters β. Symbols G and H represent
the inequality and equality constraint functions that also depend on design
variables and parameters. Finally, αl and αu correspond to the lower and
upper bounds of the design variables, respectively. The 3RPS-R mechanism
has two parameters β1 = R and β2 = W, where R is the radius of the fixed
platform and selected as 121.4 mm, complying with statistical data on
human joint sizes and based on manufacturing issues.
The column matrix of objective functions F is given as
FRehab =
 maxAIIminGDI

while the inequality and equality constraints G and H are imposed during
kinematic analysis to ensure the closed kinematic chain for the 3RPS-R
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platform.
Optimization of AII and GDI needs to be simultaneous, since both
objective functions have opposing behavior over the search space. For
this multi-criteria optimization, Normal Boundary Intersection (NBI) is
chosen [88] which is a gradient based framework that is computation-
ally efficient, applicable to any set of performance indices, and extendable
to include any number of design criteria that is required by the applica-
tion. NBI approach attacks the geometric problem directly by solving for
single-objective constrained subproblems to obtain uniformly distributed
points on the hyper-surface. For that purpose the minimum of each ob-
jective function, so-called shadow points must be specified. These are the
single criterion optimum of each objective function. The single criterion
objective functions for AII and GDI performance metrics are non-convex,
which implies that gradient-based searches will most probably get stuck
in local optima. Therefore, a brute-force search is conducted in both the
workspace and parameter space. Although, it is computationally expen-
sive to go through this search to obtain the shadow points, this is only
done once unlike the weighted sum methods where the procedure needs
to be repeated for each weight assignment. The functions to be optimized
can be visualized by graphing them in as surfaces inR3, Figure 2.10, which
confirms an apparent trade-off between AII and GDI. In particular, as the
mechanism becomes more symmetric and/or bigger, AII gets better while
GDI of the mechanism gets worse.
2.5.4 Selection of the Optimal Design
The trade-off between AII and GDI is also obvious in the Pareto-front curve
given in Figure 2.11. All the points lying on the curve are non-dominated
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Figure 2.10: Objective functions
solutions of the multi-criteria optimization problem which makes every
one of them a possible design candidate. However, since only one design
can be implemented, additional sensible constraints have to be imposed
to choose from these candidates. One of the prominent primary objectives
is volume index that needs to be selected as high as possible to ensure
the robot does not use up too much space as compared to its workspace.
This constraint is sometimes called the footprint area constraint. Impos-
ing this constraint by not choosing those points that yield a radii ratio
of less than 60%, approximately half of the points in the Pareto-front are
eliminated. Moreover, a design which highly favors any metric to the
other one are not desired since both of performance metrics are of equal
importance. This criterion indicates the elimination of solutions in the
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Figure 2.11: Pareto solution of the given multi-criteria optimization.
neighborhood of the shadow points. The final selection is then made
among the remaining points in the Pareto-curve by considering the singu-
larity free workspace volume and ease-of-manufacturing issues. One of
the many advantages of the multi-objective optimization is the capability
of finding as many optimal points on the Pareto as needed. This advantage
is exploited in implementation of the selected design, hence, mechanical
design has its own challenges and some of these Pareto points are harder
to materialize. As a result, although, any of the remaining Pareto points
can be chosen for design configuration, marked solution in Figure 2.11
which corresponds to θ = 105.8◦, and the ratio of the radii of the two plat-
forms, η = 0.68 is chosen to merely satisfy some hardware manufacturing
advantages. With base platform fixed to a radius of 121.4 mm, final design
parameter, radius of the wrist platform, is calculated as 82.5 mm.
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2.6 Implementation and Characterization
Design of the rehabilitation device is performed in parallel to performance
criteria for a rehabilitation device summarized in Section 2.2. While most
of these requirements are enhanced through the theoretical design of the
exoskeleton, some design requirements needs careful elaborations in me-
chanical implementation process, which, this section summarizes. How-
ever, as it is mostly the case, a part which is highly advantageous in one
of the design requirements may be the bottleneck in another one. The
most influential case in this design is the choice of spherical joint used in
implementation, which provides very smooth motion with no backlash,
despite containing a limited swing angle.
Therefore, the mechanism can still be improved in terms of its workspace
even after the dimensional optimization is performed. By changing the
attachment orientation between spherical joints and end-effector, inher-
ent physical limit of the spherical joints over the mechanism workspace
may be reduced. Workspace optimization may include different perfor-
mance metrics such as one of the two DoF or the total volume covered.
However, the final choice of dimensions and outcomes of workspace opti-
mization should not endanger the safety of the device which requires that
final workspace of the mechanism stay in-between singularity free region
which can be calculated specifically for the chosen optimal design by the
symbolical derivations defined in Section 2.4.
Once these choices are made and the device is physically completed,
characterization of the actual device performance is fundamental to es-
tablish the validity of the design and discover whether or not there are
any shortcomings. To this end, the device has been tested on several such
criteria.
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2.6.1 Physical Implementation
First implementation detail is based on the choice of actuator and trans-
mission system, since this step has the highest impact on the mechanism
performance. To ensure high back-driveability, direct-drive linear motors
are chosen to provide linear motion at the prismatic joints, while the base
platform is actuated with a DC motor through capstan drive according to
the higher power requirements of the forearm rotation. To implement the
joints of the mechanism, micro-precision spherical rolling joints are utilized
to connect the moving platform to the linear actuators, while commercial
ball bearings are used as the passive revolute joints near base. In order
to make the device easier to wear and increase ergonomy, it is decided to
open the upper side of the base ring, which is realized with the help of
THK HCR curved slides. Furthermore, specially designed stainless steel
parts with emptied inside and reinforced with honeycomb structure are
produced which provide reliable but lightweight design. Results of the
workspace optimization are validated with custom wrist part manufac-
ture as shown in Figure 2.12. With these modifications, improvements on
flexion-extension RoM, robustness and wearability are satisfied.
As far as the implementation details are concerned, the forward and
inverse kinematics of the 3RPS-R mechanism are solved using numerical
integration [89]. Since, the encoders situated on the actuators are only
capable of position measurement, angular velocities are estimated using
Euler approximation with a nonlinear estimator based on the adaptive
identification method [90], in an effort to reduce the numerical noise. Im-
plementation of the controller is realized on a desktop computer equipped
with an I/O card running Quarc 2.0 and Matlab. Controllers are pro-
grammed in C for real-time implementation and the sampling frequency
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Figure 2.12: The prototype of the 3RPS-R exoskeleton
is set to 1 kHz.
2.6.2 Workspace Optimization Considering Joint Limits
Spherical joints of the device are implemented by micro-precision spherical
rolling joints which are very smooth with no backlash, however, they have
a limited angular travel capabilities which limits the reach of the device in
physical implementation. It is possible to increase the usable workspace
of the 3RPS-R mechanism by properly offsetting attachment orientations
of the spherical joints. Since the determination of these orientations is not
trivial for non-symmetric mechanisms with a non-symmetric workspace,
optimization is performed for the 3RPS-R mechanism with 105.8◦ joint
placement that is designed to match the non-symmetric task space of the
human wrist.
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Figure 2.13: Singularity curves for the final device (5a) between 120 and
160 mm
In order to guarantee that final design has no singular configurations
in its reachable workspace, singularity analysis is included into the opti-
mization procedure as a constraint. For this design configuration, singular
translational DoF calculated with (5a) for ψ1 and ψ2 limited between hu-
man workspace limits as given in Table 2.1 are shown in Figure 2.13a.
Taking into account that achievable translational DoF (120 to 160 mm)
caused by the mechanical limits, we can acquire singular configurations
that are relevant to the optimization process, Figure 2.13b.
To form the optimization problem, let angles Ξi1 , Ξi2 and Ξi3 define the
orientation offset at each connection point si in Euler angles representation
for i = 1, 2, 3 as depicted in Figure 2.14. Here, Ξi1 are measured around
axes that are parallel to the first body axis e1 of end-effector body, while Ξi2
are measured around complementary axes which are parallel to the second
body axis e2 of the end-effector body. All orientation angles are taken as
positive when measured counter clockwise. These definitions lead to nine
design variables to be selected to optimize the device workspace. However,
it is possible to decrease the dimension of the search space considerably
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Figure 2.14: The moving platform of 3RPS-R with offsets at the connection
points. Offset angles are marked on the figure.
by noting the design requirements for wrist rehabilitation. In particular,
since the range of motion (RoM) for the flexion/extension movements is
desired to be symmetric, Ξ11 and Ξ13 can be set to zero. Similarly, since
it should be possible to utilize the device on both the right and the left
arm of the patients, orientations at connection points s2 and s3 should be
mirror imaged. As a result, the optimization can be performed over four
design variables instead of nine. This dimensional reduction is significant
as the optimization takes place on the finely discretized workspace. A
brute force search is conducted for the four design variables over a finely
discretized workspace of the abduction/adduction and flexion/extension
DoF. The translational of the mechanism is set to a typical operating point,
while pronation/supination rotation is kept constant, since this rotation
is only due to the serial part of the hybrid 3RPS-R mechanism. At each
discrete point in the workspace, inverse kinematics of the parallel device is
invoked to calculate the angular travel at the spherical joints and to check
if the physical limits are violated.
Constrained optimization is carried out in a serial fashion, in partic-
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ular, once the angular travel of the admissible grid points are calculated
in the brute-force search, an elimination process is carried out according
to the singularity free zone. Afterwards, two objectives functions con-
sidered as the outcome of the optimization, the first objective function
is the workspace volume attained, while the maximum RoM along the
flexion/extension DoF is considered as the second objective function. Nor-
malization and aggregation of the cost functions are not required, since
there exits no trade-off between them.
In other words, for each parameter set, natural physical limitations of
spherical rolling joints are used as hard-stops in order to keep the move-
ment of robot within the singularity-free zone while obtaining the maxi-
mum volume index and flexion/extension span. Result of the constraint
optimization problem indicates that the offset orientations that yield the
largest workspace volume also maximize RoM along the flexion/extension
DoF, while satisfying the abduction/adduction RoM and singularity con-
straint. The optimal offset angle are calculated as Ξ12 = 35
◦, Ξ21 = 10◦,
Ξ22 = 30
◦ and Ξ23 = 20◦, respectively.
For validation, the workspace of the 3RPS-R mechanism before and
after the optimization are compared in Figure 2.15. Singular configurations
for optimal offset angles are also marked. It can be immediately observed
from the figure that, proper offsetting at the connection points results in
a four fold increase in the mechanism workspace, as well as two fold
increase in the RoM along the flexion/extension and abduction/adduction
DoF, while staying withing the feasible space.
If the spherical joints that have higher swing capabilities are chosen in
the implementation, it is possible to obtain further increased singularity-
free workspace volume as shown with red dots in Figure 2.15.
60
−50 0 50
-30
-20
-10
0
10
ψ1 [deg]
ψ
2 
[d
eg
]
20
-40
Before 
Optimization
After
Optimization
Figure 2.15: Workspace of the 3RPS-R mechanism before and after the
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2.6.3 Characterization
One of the most important characteristics for any force-feedback device is
its bandwidth. The parallel kinematic structure of the 3RPS-R mechanism
can achieve high stiffness with low apparent inertia, and along with the
direct drive actuation a relatively high bandwidth is expected. To measure
the bandwidth of the 3RPS-R prototype, its Bode magnitude plot is exper-
imentally determined under closed-loop position control as presented in
Figure 2.16. From this Bode plot, the closed-loop position bandwidth of
the device is measured to be 80 Hz.
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Figure 2.16: Bode magnitude diagram for the 3RPS-R exoskeleton under
closed loop position control
The peak instantaneous and peak continuous force the mechanism can
provide are expected to cover an acceptable portion of force/torque limits of
a patient. The forearm-wrist exoskeleton is actuated by three direct-drive
linear motors and one DC motor, whose maximum instantaneous forces/-
torques are 52 N and 2.5 Nm, respectively. The maximum continuous
forces/torques are given by 12 N and 0.184 Nm. Since there is a 24.5 capstan
ratio associated with the DC motor, its corresponding values are scaled by
that ratio. The mapped end-effector maximal values are then found to be:
(Continuous) τψ1 = 2.175 Nm, τψ2 = 1.51 Nm, τψ3 = 4.5 Nm,Fz = 33.04 N;
(Instantaneous) τψ1 = 9.43 Nm, τψ2 = 6.56 Nm, τψ3 = 55.86 Nm,Fz = 149.1 N.
To instill safety precautions, the mechanism is desired to be easily
moved both in forward and backward directions along each degree of
freedom, even when the controllers are turned-off. This back-driveability
requirement has been addressed in design by preferring direct-drive actu-
ation, such that the only burden to be overcome by the operator during
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slow motions is due to the Coulomb friction. Low Coulomb friction values
are desired to achieve back-driveability as well as to ensure good perfor-
mance using model based controllers. The experiments to measure the
back-driveability of the mechanism concluded that the minimum forces/-
torques in the end-effector coordinates with which the associated degree of
freedom can be moved are as follows: Fz = 2.1 N, τψ1 = 2 × 10−3 Nm, τψ2 =
1e−3 Nm, τψ3 = 0.1 Nm.
An ideal force-feedback device is desired to withstand human applied
forces with very high stiffness and be capable of displaying a full range of
impedances down to the minimum value human can perceive. The perfor-
mance of the exoskeleton under closed loop control is strongly affected by
the apparent inertia of the device. The inertia of the device results in para-
sitic effects on the displayed impedances and deteriorate the transparency
of force-feedback. Hence, independent of the control algorithm used, it
is beneficial to decrease the inertia of the exoskeleton. Since the inertia
matrix is dependent upon the configuration of the robot, average constant
apparent inertia matrix of the device is estimated by commanding the robot
to trace a complex trajectory and averaging the inertia matrices calculated
throughout all these configurations. The singular values of this inertia ma-
trix, characterizing the “presence” of the robot at each degree of freedom,
are determined respectively as: σψ3 = 48587 kgmm
2, σψ2 = 216.3 kgmm
2,
σψ1 = 140.6 kgmm
2, σz = 2.4 kg.
Another widely accepted metric to characterize the performance of
force feedback devices is the highest stiffness value (stiffest virtual wall)
that can be stably rendered without introducing artificial damping. The
stability limit for stiffness rendering is experimentally determined through
controlling the impedance of the mechanism and introducing higher and
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higher stiffness values until the system goes unstable. The instability is
observed to occur at a value of k = 2.114 × 104 N/m along the z-direction;
while the rotational stiffness values are measured as ψ1 = 65ψ2 = 60ψ3 >
100 Nm.
Although the dynamic performances mentioned so far are important
for the mechanism, for a rehabilitation device, the range of motion of the
mechanism may be the most valuable criteria. The reason is that, after
an injury, the human wrist loses its original range of motion (RoM) which
can only be regained by proper exercises. If the mechanism does not
cover a large portion of this RoM, then it is impossible to prescribe those
motions. As a result, the space spanned by the mechanism has to be
tested and ensured to conform with typical human kinematics presented
in Table 2.1. For the 3RPS-R mechanism, the movement along the z-
direction is only activated to adjust the mechanism such that proper arm
length for any given patient is achieved. Therefore, the critical degrees
of freedom are ψ1 and ψ2, since ψ3 can already cover the whole rotational
workspace of the human forearm along its medial axis. These essential
degrees of freedom are tested by a controlled discovery experiment at a
predefined translational and pronation/supination values. The results are
then compared with simulation results as presented in Figure 2.17.
A summary of the characterization results for the 3RPS-R exoskeleton
prototype is given in Table 2.3.
2.7 Discussion
In this chapter, a systematical design process for a forearm and wrist reha-
bilitation robot is presented, while keeping faithful to the design require-
ments of such a mechanism throughout the process, especially complying
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Figure 2.17: Verification of the orientation (ψ1 vs. ψ2) workspace of
the 3RPS-R platform of the forearm-wrist exoskeleton
with the imperative ones that are safety and ergonomy of the user as one
would expect in this application.
2.7.1 Type Selection
Type selection contributes for the most part of the ergonomic use, firstly by
the choice of 3RPS-R parallel structure which provides passive coincidence
between user and robot joint axes. Moreover, this particular kinematics
provides translational DoF through forearm rotation axis that not only
can be utilized for ease-of-attachment therefore eliminating the need of
additional adjustments for each user, but also enables the implementation
of novel rehabilitation therapy schemes which includes medial forces that
pull/push wrist tendons during rotational movement similar to an isotonic
exercise [20, 67].
Although it is simplified as a rotational DoF in majority of the wrist
rehabilitation research, kinematics of the wrist rotations are quite com-
plex, in particular, the two axes of rotation do not necessarily appear to
be mutually perpendicular and translation may occur along these rota-
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Table 2.3: Experimental characterization of the 3RPS-R forearm-wrist ex-
oskeleton
Criterion ψ1 ψ2 ψ3 z 3RPS-R
Peak Inst.
Force 9.43 [Nm] 6.56[Nm] 55.86 [Nm] 149.1 [N] –
Peak Cont.
Force 2.175 [Nm] 1.51 [Nm] 4.5 [Nm] 34.42 [N] –
Inertia Matrix
Singular Values 140.6[kg-mm2] 216.3 [kg-mm2] 48587 [kg-mm2] 2.4 [kg] –
Back-driveability 2 ×10−3 [Nm] 1 ×10−3 [Nm] 0.12 [Nm] 2.1 [N] –
Virtual Wall
Rendering 65 [Nm] 60 [Nm] >100 [Nm] 2.114 ×104[N/m] –
Workspace
Coverage -47 to 47 [deg] -20 to 40 [deg] -90 to 90 [deg] 125 to 160 [mm] –
Position
Bandwidth – – – – 80 Hz
tional axes as shown in literature [91]. Therefore, using a pure rotational
movement for administering flexion/extension and radial/ulnar deviation
exercises may result in discomfort, necessitating soft couplings between
the operator and the end-effector. The chosen kinematic chain, however,
provides an additional advantage; the translational movement in the lon-
gitudinal axis of the forearm. To elaborate, a simplified simulation similar
to the work done by Esmaeili et al. [92] is performed. Utilizing a simi-
lar structure for wrist biomechanics, resultant error vector between Ehand
and Eexo can give kinematic mismatch value under the exact amount of
actuation of human flexion/extension, radial/ulnar deviation movements
and Ψ1, Psi2 rotations of exoskeleton. The offset value between two axes
of rotation in hand kinematics Λ is varied between -16 to 16 mm range,
in which 3RPS-R chain with optimized translational value decreases the
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Figure 2.18: Functional diagram of the wrist and exoskeleton. Joint offset
Λ is typically between -16 and 16 mm.
kinematic mismatch at the end-effector 71∓ 7 % with respect to a universal
joint implementation, which result in the same amount of mismatch as the
offset value. Resultant error vector between exoskeleton end-effector and
simplified human model is given in Figure 2.19.
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Figure 2.19: Kinematic mismatch magnitude at the end-effector during dif-
ferent offset between rotational axes of flexion/extension and radial/ulnar
deviation.
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2.7.2 Optimal Dimensional Synthesis
Afterwards, dimensional synthesis of the mechanism is performed which
aims to increase the performance of the device during human-in-the-loop
controls. In this multi-criteria optimization, optimized parameters is as
important as the cost functions chosen, especially joint connection angle
determination makes the process more complicated as the system becomes
asymmetric for most of the parameter range. This necessitates additional
singularity analysis, which in the end showed that making the system
asymmetric not only alters the singular configurations drastically, but also
results in additional singular configurations based on the Grassmann con-
ditions which are not geometrically possible in symmetric case, regardless
of the fact that these points lie in the unreachable workspace of the me-
chanical implementation. However, making the final design asymmetric
while using open ring structure for base and end-effector, wearability of
the device is eventually improved.
The choice of the optimization metrics, on the other hand, is majorly
based on the final performance of the device in control implementations.
One of the prominent characteristics of such a device is its actuator utiliza-
tion and stiffness that is emphasized in increased isotropy index though
AII. Moreover, decreasing GDI further benefit the controller performances
through the elimination of the deteriorating affects of the device mass
as well as increasing stiffness rendering bandwidth [80] which would be
useful during the implementation of the therapeutic exercises and with
applications based on tele-operation [81].
It should be noted that optimization procedure implemented in this
chapter is a general tool, which can be used for different mechanisms at
varying haptic tasks. Moreover, it enables a quantitative yet subjective
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comparison, since, changing emphasis in normalization matrices as well
as optimal objective functions would alter the results. However, for the
given task and chosen kinematic structure, it is believed that simulation
and experimental characterization results would provide evidence to the
necessity of such an optimization for improved mechanical performance.
In other words, the emphasis in this framework is not on the magnitude
of improvements with the chosen performance metrics or normalization
matrices, but the necessity of such fore-thoughtful procedure in design
steps.
2.7.3 Characterization
Experimental characterization of the device shows that final mechanism
is capable of implementing a broad range of haptic tasks with its high
bandwidth and low end-effector inertia. Coupled with the results of high
force output at the end-effector, it can be argued that optimization met-
rics chosen for this tasks and improvements in these directions are more
than adequate, while the device is capable of rendering stiff and accurate
impedances even under open loop impedance controller. This also par-
tially justifies proposed approach in the procedure which emphasizes the
choice of design goals based on possible control implementations.
2.7.4 Comparison with RiceWrist
The chosen kinematic structure enables a unique perspective with the abil-
ity to compare the outcomes of this systematical optimization with respect
to the previous implementations of RiceWrist in literature. However, the
optimization procedure summarized above is built upon a different base
radius due to manufacturing concerns, which in result would alter the
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fairness of a direct comparison, especially in dimensional optimization.
In order to tackle that, same optimization procedure is performed based
on the parameters of RiceWrist, where, it is shown that using the same
normalization matrices in subsection 2.5.3, the corresponding point for the
enhanced RiceWrist [51] is sub-optimal, in particular, it has a normalized
A¯II value of 0.4342, about 17% worse than normal to the Pareto curve in
this axis. It has a normalized ¯GDI value of 0.3987 about 32% worse than
normal to the Pareto curve in GDI axis as shown in Figure 2.20.
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Figure 2.20: Pareto-front curve of A¯II vs ¯GDI
Regarding the workspace coverage of both mechanisms, a simpler
comparison can be performed based on two rotational DoFs in parallel
structure. Compared to enhanced Ricewrist [93] version which also in-
corporates spherical rolling joints, range of motion in flexion/extension is
increased %127 while both mechanisms are able to cover the active range
of motion of human operator for radial/ulnar deviation.
The choice of this particular mechanical structure enables a direct com-
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parison with a previously presented RiceWrist, therefore emphasizing the
need of incorporating performance requirements into the design process.
Modifications over the similar kinematic structure can be summarized as:
• Dimensional optimization in order to increase the efficiency of the
device in actuator utilization and control bandwidth.
• Workspace optimization with physical limits of joints included.
• Computationally efficient kinematic model derivation and singular-
ity analysis with Grassmann line geometry in order to exhibit the
robustness of the mechanism.
• Improved ergonomy and ability to be worn with minimal assist via
optimal non-symmetric design and unclosed base.
• Implementation with control performance and rehabilitation require-
ments in mind, in particular, by using linear actuators as prismatic
joints to ensure high back-driveability and actuator stiffness while
incorporating spherical rolling joints for limited but singularity free
workspace.
• Derivation of the dynamic model and implementation of model-
based controllers such as task space impedance controller with grav-
ity compensation.
• Extensive dynamic and kinematic performance characterization in
order to validate the outcomes of optimizations.
Finally, a controller implementation for any device should be consistent
with the natural end-effector space of the mechanism. In case of forearm
and wrist rehabilitation, it is consisting of three consequent/concurrent
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complex rotations which can be faithfully represented as SO(3). Previous
literature on pointing tasks with forearm and wrist movements shows that
for small orientations a projection to R3 may be viable but deviations start
to occur for larger and more complex rotations.
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Chapter II
3 Human-in-the-Loop Control of Forearm-Wrist
Exoskeleton
For the ultimate goal of “hospitals without borders", controllers imple-
mented on a rehabilitation protocol should consider both the local con-
trol schemes for single robot interacting with the patient and controllers
for multiple robots interacting with each other and the patient. Multiple
robot control would enable tele-rehabilitation, where different operation
modes would give rise to remote diagnosis, group therapies and biman-
ual exercises. Local controllers on each site; however, should be designed
separately. This section starts with the summarization of these local re-
habilitation controller implementation. Second subsection focuses on the
multi-site controller design.
3.1 Local Control
Human forearm-wrist facilitate a complex motion of the hand. In par-
ticular, neglecting the small deviations of the axes of rotation during the
movement, the simplified kinematics of the human forearm and wrist can
be quite faithfully modeled as a three DoF kinematic chain that allows
supination/pronation of the forearm, flexion/extension and ulnar/radial
deviation of the wrist joint with a coinciding axes of rotation. Hence, un-
like the reaching-type translational movements in the three dimensional
Euclidian space, the the rotations of the forearm and the wrist can be more
properly studied in a 3-dimensional manifold, SO(3).
Implementation of the controllers for wrist rehabilitation therapies fo-
cuses on different aspects of recovery and finally aiming functional im-
provements in the patient’s life. One of the techniques implemented is
range of motion exercise in which the therapist determines the desired
orientations and asks the patient to move his/her wrist between these two
orientations. The therapist supervises over the rehabilitation trial and gives
assistance if the patient is unable to accomplish the given task. In order
to implement such therapies in robot assisted rehabilitation, interpolation
between these desired orientations is needed and linear interpolation does
not guarantee smooth motion in SO(3). After a proper timed trajectory is
created between these orientations, assistance should be provided to the
patient in different intensities. In early phases of rehabilitation, patients
are unable to exert enough forces to complete the given task, therefore, a
position controller can be used for passive motion along the desired path.
In order to implement the position control law, however, an error metric
should be defined with proper rotational representation.
Any rotation in R3 can be represented with Euler parameters (unit
quaternions) which lie on a hyper-sphere of dimension three S3. This
representation is more effective in handling composition of rotations, in
addition to its relatively better numerical stability. Because of these ad-
vantages, quaternion rotations are widely used in robotics analysis [94].
Lack of representation singularities while using Euler parameters encour-
ages researchers to also utilize quaternion rotations for controls. In the
literature, definition of orientation error within the unit quaternion space
as well as implementation of position and impedance controls using Euler
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parameters have been addressed [95, 96]. In [97, 98], physically consistent
stiffness matrices for impedance control are derived from energy functions,
thanks to consistent representation of rotations over the task geometry.
This enables the implementation of a common method of providing
assistance, that is to administer virtual tunnels to avoid undesired regions
in the workspace using impedance control. With virtual tunnels, patients
are allowed to move freely as long as they do not violate the bounds defin-
ing forbidden regions. However, since virtual tunnels provide only spatial
assistance, they cannot assist patients along the contour or ensure that the
desired motion is traced within a pre-determined amount of time. Thus,
virtual tunnels are commonly augmented with a moving window. With
moving windows, the pace of the patient along the contour is regulated
so that the patient is not allowed to fall behind a margin of the predefined
timing [99, 100, 101]. However, evidence exist in motor learning literature
that virtual tunnels may have negative efficacy on human learning as the
participants become dependent on existence of such assistance to complete
the task [102]. In particular, patients may start to depend on the border
of the virtual walls and/or the moving window to help them complete
the task. For more adept assist-as-needed implementations, utilization of
time-optimal trajectories calculated for point-to-point reaching movements
together with adaptive control techniques that penalize the deviation from
that optimal trajectory has been proposed [103]. Such controllers allow
more freedom in choosing the movement path compared to virtual tunnel
approaches, these methods are still- based on trajectory tracking. It should
be noted that multi degrees of freedom therapeutic exercises are contour
following tasks where coordination and synchronization between various
degrees of freedom are imperative, while exact timing along the path is
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not critical. Unfortunately, use of assist-as-needed protocols which rely on
minimization of trajectory tracking error cannot guarantee that patients
are always on the pre-determined path due to the radial reduction phe-
nomena [104, 105]. Moreover, the discrepancy between tracking error and
contour error becomes more critical when humans are in the loop. For
instance, if the patient slows his/her progress on the desired contour, the
reference point calculated by time parametrization of the trajectory track-
ing controller continues to advance regardless of the patient’s progress,
resulting in a significant deviation from the trajectory, causing possibly
large contour errors.
Among the available contour tracking algorithms, passive velocity field
control (PVFC) is of particular interest, since this method not only mini-
mizes the contour error but also does so by rendering the close loop system
passive with respect to externally applied forces. PVFC concept has been
first proposed as a part of a smart exercise protocol in [106] and further
analyzed in [107, 108]. Later, PVFC has been adapted to bilateral con-
trol [109, 110]. In [111], the controller has been further extended to include
shaping of the potential energy of the closed loop system dynamics as well
as its kinetic energy. Finally, in [112], a PVFC controller that operates solely
on joint positions has been proposed, alleviating the need for velocity mea-
surements. We have previously analyzed passive velocity field control for
robotic rehabilitation [77] and proposed an online velocity field generation
algorithm that relies on fewer state variables [113].
In PVFC, the task to be performed and speed of the task are decoupled
from each other. In particular, the task is embedded in a predefined velocity
field while the speed depends on the instantaneous energy of the closed
loop system. For example, for human-in-the-loop contour following tasks,
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a predefined velocity field encodes the path to be followed, while the initial
energy of the system and the work done by the human operator on the
system dictates the speed of motion. PVFC mimics the dynamics of a
flywheel; hence cannot generate energy, but can store and release energy
supplied to it. As a consequence, the controller renders the close-loop
system passive with respect to externally applied forces. This is one of
the unique features of PVFC approach, as classical passivity-based robot
control laws [114, 115, 116] cannot guarantee passivity when external forces
are considered as the input. Passivity with respect to external forces is
crucial in human-machine interaction, since it enhances safety by limiting
the amount of energy that can be released to the operator, especially in case
of an unexpected system failure.
3.1.1 Timed Trajectory Generation and Position Control in SO(3)
One of the major protocols in wrist rehabilitation involves orientation
exercises, in which therapist specifies a target orientation for the patient to
reach. During traditional rehabilitation, the therapist guides the patient to
the target orientation in a proper way, by suppressing undesired deviations
form a smooth path and by providing assistance as needed. In robot-
assisted rehabilitation, a smooth path between the current orientation and
target orientation must be constructed through interpolation. Once such a
path is determined, assistance can be provided to the patient in the form
of virtual tunnels (forbidden regions on the orientation space) and force
fields along the desired path.
In this work, SLERP (Spherical Linear Interpolation) is utilized to form
the desired path between given orientations of forearm-wrist. In particular,
since the metric topology on the space of rotations is topologically different
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from the usual topology onR3, the shortest path between two orientations
is not simply the linear interpolation between the coordinates of the local
chart that locally maps SO(3) toR3. Instead, as the topology of SO(3) is the
quotient topology of S3 with the equivalence relation that identifies the two
antipodal points as equivalent, the shortest path between two orientations
is a great arc – or a geodesic on the three sphere. As a result, a walk along
the shortest path, on the SO(3) manifold, between the two orientations
can be properly achieved using SLERP. When Euler parameters are used
to interpolate between two rotations, this geodesic lies on a 4-dimensional
unit sphere [117].
The workspace of 3RPS-R is the product space W = R× SO(3). Casting
aside the translational degree of freedom for the moment, suppose two
orientations of the end-effector, p, q ∈ S3 are given. Let h ∈ [0, 1]. Then
the spherical linear interpolation is equivalently given by the following
formula:
SLERP(p, q, h) = p(p∗q)h (3.1)
SLERP(p, q, h) = (pq∗)1−hq (3.2)
SLERP(p, q, h) = (qp∗)hp (3.3)
SLERP(p, q, h) = q(q∗p)1−h (3.4)
The fact that SLERP yields a great arc interpolation on SO(3) is far from
obvious. It can be proven considering the fact that a curve is a great arc if
and only if the second derivative vector is parallel and opposite in direction
to the position vector of the curve. Not only does SLERP produce minimum
distance curves between two points in SO(3), but also those curves have
constant speed. This follows from the fact that minimum distance curves
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are geodesics on the underlying manifold which can be proven to have
constant speed.
After the construction of the desired path based on pre-defined points,
a position controller should be designed on SO(3), therefore necessitating
a quaternion based error metric, in order to ensure that patient tracks the
given path correctly. For that purpose, let Qd = {4d, d} and Qe = {4e, e}
represent the quaternions associated with Rd and Re, respectively. The
subscripts d and e stand for desired and actual values, respectively. The
orientation error can be described by the rotation matrix RdRTe , which yields
the identity map when the the two frames are aligned. Using quaternion
algebra, the orientation error may also be expressed in terms of the quater-
nion ∆Q = {∆η,∆ξ}, where
∆Q = Qd Qe−1 (3.5)
∆Q = {1, 0} holds if and only if Re and Rd are aligned. Therefore, the
orientation error can be defined as
eO = ∆ = 4e 4d − 4d4e − S(4d)4e (3.6)
where the skew-symmetric operator S(·) has been used. It should be kept
in mind that 4e and e cannot be actually measured. Thus, they must be
derived from the rotation matrix Re which is available from the manipulator
kinematics.
When the position error metric is defined as in Eqn. (3.6), a PD control
is used in task space with a control force given as
F = KD ∆ω + KP eO (3.7)
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where ∆ω = ωd − ωe is the angular velocity error vector, while KD and
KP are the derivative and position gain matrices, respectively. Desired
orientations are given by the therapists and quaternion parameters for
these points are recorded. Afterwards, an online generation of the path
between these orientations is validated with the help of SLERP algorithm.
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Figure 3.1: SLERP finds the shortest path between any two quaternion on
the unit sphere.
In order to visualize the desired orientations of the end-effector, a unit
vector is rotated with interpolated values and these points are plotted in
Figure 3.1. Smooth motion between desired orientation points (shown
with red asterisks) can be observed on the unit sphere (green dots).
After desired position of the end-effector is calculated, a task space posi-
tion controller is implemented. To implement the controller the position er-
ror as well as the angular velocity difference are utilized as proposed in [94,
97]. Convergence of the end effector frame with desired frame is shown
with four quaternion parameters in Figure 3.2 with a root mean square
(RMS) tracking error value for eO (Eqn. (3.6)) is [0.0035, 0.0061, 0.0057]T rad
and the percentage of RMS value with respect to the maximum position
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value is [%0.0208,%0.0530,%0.0306].
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Figure 3.2: Actual end-effector orientation and the reference values
3.1.2 Impedance Control in SO(3)
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Figure 3.3: Block diagram of the impedance control algorithm
Figure 3.3 presents the block diagram of a generic impedance controller.
The impedance controller typically works in the task space, since assign-
ing impedances in joint space is rather counter-intuitive. Keeping in mind
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that the encoders sense the joint coordinates, implementation of the con-
troller in the task space necessitates the knowledge of the mapping (the
Jacobian, J) from joint forces/torques to end-effector forces/torques for the
mechanism under consideration. To faithfully assign desired decoupled
impedance values Zd along each separate DoF of the device, model-based
dynamics cancellation is utilized. The equations of motion is derived using
Kane’s method with nominal plant parameters. However, uncertainties as-
sociated with the plant parameters render it implausible to exactly cancel
the system dynamics. Thus, the best effort towards that goal is pursued
by using the nominal plant parameters represented by
(
Cˆ(q, q˙), Nˆ(q, q˙)
)
,
standing for Coriolis/centripetal and gravity terms, in Figure 3.3. Once the
desired impedances along each DoF are multiplied by the corresponding
position/velocity error, the desired end effector forces/torques are obtained.
The error between the desired and the actual force to implement the force
control scheme is only possible with force sensors; however, these sensors
are expensive and relatively hard to integrate in rehabilitation applica-
tions. As a result, open-loop impedance control is implemented and the
force controller term F3(s) is taken to be zero. For the 3RPS-R forearm-wrist
rehabilitation robot, haptic rendering of the forces arising from interactions
with the virtual environment can be best displayed utilizing an impedance
controller. To render physically meaningful impedances, the control must
be implemented in the task-space, which lives in SO(3). Geometrically
consistent impedances in SO(3) can only be rendered, if the orientation
error is defined properly [118, 119].
Using the error metric defined in Eqn. (3.6) and relative angular velocity,
a rotational impedance can be generated resulting a torque value τ:
τd = JT (Do ∆ω + K′o eO) (3.8)
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where JT is the transpose of the analytical Jacobian matrix and K′o =
2ET(ηDE, ξDEKo) is the stiffness matrix derived from energy arguments [98].
Note that the above equations are valid for open-loop implementation of
impedance controller, that is, when force feedback is not available during
the implementation. An open-loop impedance controller is preferred since
addition of force sensors into rehabilitation devices is of high cost and chal-
lenging. Moreover, thanks to the highly-back-driveable, low impedance
design of the wrist rehabilitation robot, parasitic effects of device dynamics
on the rendered impedance can be kept at a negligible level.
In order to demonstrate the haptic rendering performance of the mech-
anism under open loop impedance control, an experiment is conducted
which renders a constant impedance (to be more specific, the stiffness) is
rendered with 3RPS-R around n1 and n2 axes, as shown in Figure 3.4 and
3.5, respectively. A moment is created with different loads located 70 mm
away from the center of rotation, resulting in forces that varies up till 0.8
Nm torque about the both axes. The torsional stiffness for all principal axes
are set to be 1 Nm/rad. RMS error value of the rendered impedance values
are calculated to be %0.6 and %0.5 verifying the fidelity of the rendered
impedance. The parameter uncertainties in the plant model are the source
of small steady state errors observed in the plots.
3.1.3 Passive Velocity Field Control Implementation
Given a smooth path between the current and target configurations, virtual
tunnels may be employed in order to restrict large deviations of the patient
from the desired path. However, for patients with limited ability to control
their limbs, further assistance is required to ensure their completion of the
path following task. The way that such assistance is provided is a crucial
83
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
Rotational Displacement in principal axis [rad]
Ap
pl
ie
d 
To
rq
ue
 [N
m
]
 
 
Experimental stiness
Curve t  with 0.994 Nm/rad (R 2 : 0.9258)
Figure 3.4: Impedance values for the rotations around the principal axis
covering radial/ulnar deviation
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aspect of robot-assisted therapy that strongly affects its efficacy.
Use of PVFC in rehabilitation robotics is advantageous in various ways:
First of all, the control law ensures passivity with respect to external torque
inputs, an asset no other passivity-based controllers with trajectory track-
ing objective can achieve. Indeed, this property of the control law ensures
no harm be done on the patient should a given trajectory cannot be tracked.
Specifically, given the dynamics of the manipulator defined in task space
as
M(q)q¨ + C(q, q˙)q˙ = τ + τe (3.9)
where M(q) ∈ Rn×n is the inertia matrix, C(q, q˙) ∈ Rn×n is the Coriolis
matrix, τ represents control forces, and potential forces are embedded in the
external force τe, PVFC renders the controlled manipulator as a dynamic
nonlinear impedance that can store and release the energy supplied to it.
Thanks to this property, the control law guarantees passivity with respect
to the supply rate s(τe, q˙) = τeTq˙, that is, it ensures passivity with respect
to external force inputs τe, implying∫ t
0
τeTq˙ dτ ≥ −c2 (3.10)
where c is some real number.
Secondly, the control law minimizes the “contour error” rather than
the more conventional trajectory error. Minimizing the contour error, de-
fined as the closest path (in the proper space) from the actual position
of the manipulator to the desired contour, is advantageous since such a
control technique guarantees minimal deviations from the desired path,
while trajectory error based controllers can largely deviate from the path
as the trajectory tracking error is dictated by time parametrization [120]. In
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particular, the desired task and the speed of task execution are decoupled
in PVFC. For instance, for a contour following task, the desired path is
encoded into the velocity field, so that for each location of the robot end-
effector, a proper reference trajectory can be calculated, while the controller
ensures that the velocity of the robotic manipulator converges to a scaled
multiple of this desired velocity in the absence of external forces: For-
mally, the controller guarantees that for any initial condition (q(0), q˙(0)),
there exists a constant ρ > 0 s.t.
lim
t→∞ q˙(t) − ρV(q(t)) = 0. (3.11)
when τe ≡ 0. Note that the parameter ρ dictates the speed of task execution
and can be positive or negative.
Finally, in the PVFC architecture, the amount of assistance can be ad-
justed and same path can be traced forward and backwards, and at different
speeds by simply tuning the controller parameters. Specifically, the mag-
nitude of ρ is governed by the instantaneous energy of the system; hence,
can be adjusted either by changing the initial conditions of the system
or through external forces doing (possibly negative) work on the system.
This implies, for contour following tasks, the desired path can be traced
forwards and backwards, and at different speeds by simply tuning the
instantaneous energy of the system through controlled variables.
Given a desired velocity field, the control specifications are satisfied by
introduction of an extra state, which may be interpreted as the velocity
of a fictitious flywheel of mass MF that augments the original system as
an extra energy storage element. Then the kinetic energy function for the
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augmented system is defined as
k¯(q¯, ˙¯q) =
1
2
˙¯qTM¯(q¯) ˙¯q. (3.12)
where M¯ denotes the inertia matrix of the augmented system, q¯ and ˙¯q
represent the augmented configurations and velocities, respectively. The
desired velocity field is also extended to encompass the extra state such
that when it (or a multiple of it) is exactly tracked, the kinetic energy of the
augmented system remains constant, that is
k¯(q¯, V¯(q¯)) =
1
2
V¯(q¯)TM¯(q¯)V¯(q¯) = E¯ > 0 (3.13)
Given an augmented velocity field, the skew-symmetric control law is
calculated using two terms which are analogous to feed-forward dynamic
compensation and a feedback term forces the error dynamics to converge
as
τ¯(q¯, ˙¯q) =
1
2E¯
(w¯P¯T − P¯w¯T)︸              ︷︷              ︸
skew symmetric
˙¯q + σ (P¯p¯T − p¯P¯T)︸         ︷︷         ︸
skew symmetric
˙¯q (3.14)
where σ ∈ R in Eqn. (3.14) is a control gain, not necessarily positive,
which determines the convergence rate and the sense in which the desired
velocity field will be followed. In Eqn. (3.14), p¯ denotes the momentum of
the augmented system, while P¯ is the desired momentum of the augmented
system. The symbol w¯ represents the inverse dynamics necessary to follow
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the desired velocity field. Mathematically,
p¯(q¯, ˙¯q) = M¯(q¯) ˙¯q (3.15)
P¯(q¯) = M¯(q¯)V¯(q¯) (3.16)
w¯(q¯, ˙¯q) = M¯(q¯) ˙¯V(q¯) + C¯(q¯, ˙¯q)V¯(q¯) (3.17)
In [107], it has been proven that the skew symmetric control law coupled
with the skew symmetry property of the robotic manipulators renders the
closed-loop system passive with respect to external force inputs and regu-
lates the error dynamics to zero (exponentially) in the absence of external
forces. Moreover, it has been shown that the total energy in the system
defined by Eqn. (3.12) remains constant (as long as no work is done on
the system by external forces) and the rate at which the parameterized
trajectory progresses is determined by the instantaneous energy of the sys-
tem. The reader is referred to [107, 108, 121] for stability proofs, robustness
analysis and detailed convergence characteristics of PVFC.
During physical implementations of the controller, the energy level
may vary due to inevitable dissipative forces, such as friction in the joints.
Under such circumstances, a nominal rate at which the parameterized
trajectory progresses may be dictated by adding an exogenous signal to τ¯
as
τ f orced = ς P¯
(
r − P¯
T ˙¯q
2E¯
)
, ς > 0 (3.18)
where ς is a damping coefficient. It can be shown that τ f orced causes the
velocity ˙¯q to converge to rV¯.
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Construction of Velocity Field in SO(3)
Even though existence of a velocity field encoding the task is a crucial
part of PVFC, determination of such a velocity field is not a trivial matter.
One effective method attacks the velocity field generation problem from
a controls perspective and designs controllers for online generation of the
vector field [121]. In particular, in [121] Li et al. has proposed a technique
for encoding velocity fields for parametric curve tracking, based on state
suspension and self-pacing. The approach is similar to use of navigation
functions for path planning [122] and is implemented by introducing two
new states (curve parametrization τ and its time derivative τ˙) to the system
dynamics (called suspension) and controlling these states using properly
defined error functions and potential fields. To ensure good tracking per-
formance, τ˙ is continually adjusted with respect to the rate of convergence
(self-pacing).
In particular, let the desired orientation trajectory be represented by
parameterized trajectory xd : I→ G where I ∈ R. The workspace of 3RPS-
R is SO(3), with each element q identified with a 3×3 real orthogonal matrix
with determinant one. Tq SO(3) can be identified with {q ω : ω ∈ so(3)}
where so(3) is the space of 3 × 3 skew symmetric matrices. Then an error
function can be defined by
E(q, xd) = qx−1d (τ) = qx
T
d(τ) (3.19)
where xd : I → SO(3) is the parameterized trajectory. Following [123], a
potential function over SO(3) is then defined as follows. Let P ∈ R3×3 be a
symmetric matrix with distinct eigenvalues λ1 < λ2 < λ3 and (λ1 +λ2)(λ1 +
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λ3)(λ3 + λ2) , 0. Then:
U(E) =
1
λ′
trace [P (I − E)] (3.20)
where λ′ = λ2 +λ3−λ1 and I is the 3× 3 identity matrix defined a potential
function U in SO(3) and E ∈ SO(3) is a critical point of U(·). Furthermore,
E = I is the only critical point of U at which U has a positive definite
Hessian, that is, U has a minimum [124].
Note that, since xd(τ) ∈ SO(3), there exists Ω : I→ so(3) so that
d
dτ
xd(τ) = xd(τ)Ω(τ) (3.21)
Then, following [121], the desired velocity field V : SO(3)×I→ TSO(3)×TI
can be derived as:
V(q¯) = γ1(q¯)
E(q¯)xd(τ)Ω(τ)1
−γ2(q¯)
 12λ′ (EPE − P)xd(τ)0
 (3.22)
= γ1(q¯)
qΩ(τ)1
 − γ2(q¯)2λ′
q
[
xd(τ)TPq − qTPxd(τ)
]
0
 (3.23)
Note that the speed of progression of the desired parameterized contour
relative to the rate of convergence is determined by the relative magni-
tudes of γ1(q¯). Self-pacing exploits this relationship to yield better contour
following characteristics. In particular, γ1(q¯) and γ2(q¯) are made to depend
on the potential function U(E(q, τ)) which measures the deviation of the
current configuration from the desired location, so that when U(E) is large,
the velocity field prioritizes decreasing the tracing error. Consequently,
when the tracking error is large, the desired trajectory xd would progress
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Figure 3.6: Left figure presents the flight simulator, in which the move-
ments of the plane is coupled to the rotations of the 3RPS-R end-effector.
Right figure depicts cross section of tunnel on which virtual walls and
velocity field are depicted schematically.
at a slower speed. For instance, γ1(q¯), γ2(q¯) can be chosen as:
γ1(q¯) = exp (−νU(E(q, β))) (3.24)
γ2(q¯) = 2 − exp (−νU(E(q, β))) (3.25)
where ν > 0 is the self-pacing parameter such that as ν increases, the
emphasis on eliminating contour following error is also increased.
Coupling with Virtual Reality
Virtual environment simulations with force-feedback are integrated in re-
habilitation protocols not only for more engaging therapies, but also for
ensured safety and ease modification of task parameters. Furthermore,
force-feedback is indispensable for immersion and to have meaningful
interactions with the virtual environment.
For the 3RPS-R forearm-wrist rehabilitation robot, a flight simulator
is implemented for visual representation (see Figure 3.6). The plane is
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coupled to the end-effector of 3RPS-R and possesses the same metric space
with the task space of the mechanism, that is, yaw-pitch-roll motions of
the end-effector are mapped to same rotations of the plane. The task is to
move the plane through a curved tunnel with a predetermined forward
speed.
Force feedback is provided to the patient through implementation of a
virtual tunnel coinciding with the visual representation of the tunnel and
through PVFC guiding the patient within virtual tunnel. In particular,
virtual tunnel defines forbidden regions in the workspace, by rendering
a high stiffness “virtual wall” in the -neighborhood of the desired path.
The virtual wall is implemented as cubic-damped spring using task space
impedance control with orientation error metric. For patients with limited
ability to control their limbs, PVFC is implemented inside the virtual tunnel
to assist patient with completion of the task. In particular, a parameterized
representation of the centerline defining the tunnel is used to construct
the frame of the curve, which governs the desired orientation along the
tunnel. Then, a velocity field in SO(3) is constructed using suspension and
self-pacing as discussed previously.
Type and power of the assistance may be customized with control
parameters of the coupling controller (3.14), and exogenous signal (4.10),
as well as velocity field generation parameters (equations (3.24) and (3.25).
Experiment Results
Implementation of the controller is realized with the help of a desktop com-
puter equipped with an I/O card running Quarc 2.0 on Matlab. Controllers
are programmed in C for real-time implementation and the sampling fre-
quency is set to 500 Hz. Since only position measurements are available
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via the encoders situated on the actuators, velocities are calculated using
a nonlinear estimator based on the adaptive identification method, in an
effort to reduce the numerical noise due to differentiation.
PVFC has been implemented for the 3RPS-R exoskeleton to minimize
the “contour error” defined in SO(3). For simplicity, the desired path is
parameterized by two sinusoids along ψ1 and ψ2 axes. This path does
not impose any rotation about ψ3. The initial conditions of the mechanism
was intentionally offset from the desired configuration. Figure 3.7 presents
contour tracking performance of the controller. Noting that when ψ3 = 0,
gravity field creates a moment in the positive ψ2 direction, the tracking
performance is quite satisfactory along both ψ1 and ψ2 axes. Slight over-
shoot can be observed on the ψ2 axes due to unmodeled dynamics in the
feed-forward gravity compensation.
Figure 3.8 depicts the convergence characteristics and the total kinetic
energy of the controlled system. The convergence is measured using the
metric defined on SO(3), as given in equation 3.20. Exponential decay
of the error metric can be observed within the first few instants of the
experiment, while the convergence metric is kept near zero throughout the
experiment. The kinetic energy of the augmented system is observed to
decrease marginally due to friction inherent to the system. However, the
rate of this decrease is low. If desired, extra energy can be introduced to
the system via a feed-forward force. In this demonstration, no exogenous
force is applied to the system.
3.2 Multilateral Control
The forearm-wrist exoskeleton can also be adapted as a part of a reha-
bilitation system that implements the multi-lateral shared control concept
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Figure 3.7: Path following under PVFC
for rehabilitation. The multi-lateral shared control architecture allows for
multiple agents (patients and therapists or patient using both limbs, para-
lytic limb (PL) and uninjured limb (UL)) to simultaneously interact while
performing a (virtual) therapeutic task [125]. Through a dominance factor,
different control authority could be assigned to each agent such that pa-
tient can guide himself or the therapist can guide the patient. The goal of
a multilateral rehabilitation system is to implement a control architecture
so that multiple agents (for example both limbs of a patient; PL, UL and a
dynamic virtual reality) can work collaboratively to achieve certain ther-
apeutic tasks; for instance, to perform manipulation tasks in a dynamic
virtual environment. Since the paralytic limb of the patient is deprived of
the necessary neuromuscular activity to overcome even a resistive task; let
alone a dynamic one, uninjured limb should start off as the dominant factor
in the collaborative task. As recovery of the patient takes place, the power
distribution should gradually revert and the PL should be able to cope with
the task. Note that this method is different than other bimanual therapy
studies that depend on the mirror image concepts and provide a non-
significant level of improvement in the literature [126, 127, 128, 129, 130].
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Figure 3.8: Convergence metric and kinetic energy of the augmented sys-
tem
bilateral coupling
Figure 3.9: The forearm-wrist rehabilitation system
The virtual task should be modeled and executed as a dynamic simula-
tion. Regarding the controller design, stability (through passivity) should
be guaranteed rather than rendering perfect transparency of forces. Since
all of the controllers are proposed to be implemented and run on the same
computer, stability deterioration due to time delays introduced by the
communication channels can be kept negligibility small.
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3.2.1 Multi-lateral Controller for Dual-User Bilateral Tele-operation
The dual-user bilateral tele-operation concept [125] extends upon the tra-
ditional bilateral tele-operation techniques, in that, it uses a distribution
parameter $, so called the dominance factor, that dictates the degree of
contribution of each master over the slave. In agreement with the litera-
ture, small signal linearization is implemented and the operators and the
environment are modeled to possess linear and time-invariant dynamics
about the equilibrium configurations. The operators and the environment
are also assumed to be passive. The stability of the overall system is
guaranteed ensuring passivity of the controllers, since the observability
conditions are satisfied. In the discussion to follow, the subscripts p and
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Figure 3.10: Block diagram of the multi-lateral tele-operation controller
t represent the patient and the therapist, respectively. The slave environ-
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ment is denoted by the subscript e. Following relations hold for the system
Fp = F∗p − ZpVp (3.26)
Ft = F∗t − ZtVt (3.27)
Fe = F∗e + ZeVe (3.28)
where F∗p, F∗t , and F
∗
e denote the external inputs from the two operators
and the slave, respectively. The external slave input will be taken to be
zero, as rehabilitation task is a passive dynamic simulation. The symbols
Zp,Zt, and Ze denote the impedances of the masters, the slave and the
virtual environment, following the LTI model convention. Utilizing the
local controller introduced in the previous subsection, the masters are
bestown linear dynamics which can be modeled as with the control inputs
Fctrl, a combination of the local controllers and the communication channel
controllers given in Figure 3.10
MpV˙p = Fp + F
p
ctrl F
p
ctrl = −CpVp + C6pFp − C4pVdp − C2pFdp (3.29)
MtV˙t = Ft + Ftctrl F
t
ctrl = −CtVt + C6tFt − C4tVdt − C2tFdt (3.30)
MsV˙e = −Fe + Fectrl Fsctrl = −CsVe + C5Fe + C1Vde + C3Fde (3.31)
where the superscript, d denotes the corresponding desired signal. Local
controllers Cmp, Cmt, Cs are the impedance controllers without the iner-
tial terms, since it is not practical to obtain noise-free acceleration signals
without introducing additional sensors. To achieve good transparency the
communication channel gains are selected as C1s = Cs, C4mp = −Cmp , and
C4mt = −Cmt .
The effect of the dominance factor $ is obviated with the following
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velocity and force definitions:
Vdp = $Ve + (1 − $)Vt Fdp = $Fe + (1 − $)Ft (3.32)
Vdt = (1 − $)Ve + $Vp Fdt = (1 − $)Fe + $Fp (3.33)
Vde = $Vp + (1 − $)Vt Fde = $Fp + (1 − $)Ft (3.34)
To elucidate the primary aim of the application, consider what is expected
to happen when the dominance factor$ is zero. Then Vdt = Ve, F
d
t = Fe and
Vde = Vt, Fde = Ft. Assuming the second operator to be the therapist, the
resistance offered by the environment is overcome solely by the therapist
in this case. Similarly, when$ = 1, all the effort is burdened on the patient.
In between the two values, the load is split between the therapist and the
patient. The lower the dominance factor, the lower the effort exerted by
the patient.
3.2.2 Experimental Results
An experiment is conducted using the rehabilitation system depicted in
Figure 3.9. The virtual task is to direct a ball into the two holes diago-
nally placed at the two corners of the table. The task is to be fulfilled
collaboratively by the patient and the therapist. The therapist uses the two
DoF force-feedback joystick whose axes are made to coincide with those
of 3RPS-R and the table in the virtual environment. The joystick is locally
impedance controlled and coupled to the virtual task and the therapist
through the multi-lateral control architecture. The arm of the patient is
placed in the 3RPS-R exoskeleton whose two relevant DoF are coupled to
the joystick and the virtual environment, while the remaining two DoF are
set-point position controlled to restrict undesired movements. In partic-
ular, the medial axis rotation of the forearm is constrained by the motor,
98
while the linear motion along the z-axis is first adjusted according to the
arm length of the user, and is then constrained by the linear actuators. The
rest of the DoF are locally impedance controlled and are coupled to the vir-
tual task and the therapist through the multi-lateral control architecture. In
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Figure 3.11: Experimental multi-lateral control performance for different
control authorities. Ball trajectory, orientation of table and torques applied
are provided for $ = 0.25 (Top column) and $ = 1 (Bottom Column)
Figure 3.11, the top row and bottom row present the experimental results
for$ = 0.25 and$ = 1.0, respectively.The first column of figures depict the
trajectory of the ball on the table. From these plots, it can be observed that
$ = 1.0 produces a smoother ball movement than that of $ = 0.25. The
reason is that when $ is not 0 or 1, commands given by the patient and the
therapist may conflict resulting in such hesitant ball trajectories.
The second column of figures represent the orientation of the table,
3RPS-R, and the joystick about their first axis. Observe that when $ = 1.0,
the table exactly follows 3RPS-R. The joystick, being coupled to these two
systems, follows this trajectory imposed by the patient with some error.
This distinction is not so clear when $ = 0.25, since both the therapist and
the patient can command their own trajectories. However, observe that
since $ = 0.25 implies that the therapist is thrice more dominant than the
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patient, and the table follows the joystick more closely than the 3RPS-R.
The last column of figures are total torques applied on the 3RPS-R and
the joystick about the first axis. The increased frequency of the oscillations
when$ = 0.25 is in parallel with the non-smoothness of the ball trajectories
shown in the top figures. This is due to the fact that both users are able
to affect the orientation of the table and may impose motions conflicting
each other, leading to more frequent changes of applied torque direction to
compensate for errors with respect to their desired ball trajectories. When
$ = 1.0, there remains only one master, who can command the ball without
experiencing any coupling forces from the other master, and as a result no
such high frequency torque fluctuations are observed.
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Chapter IV
4 Effective Delivery Framework for Therapeutic
Exercises
Once design and implementation of controllers for the mechanism is com-
pleted, a framework that incorporates these building blocks and deter-
mines the structure of the session (e.g. repetition number, assistance level,
speed of the task, type of exercise...) should be defined. The proposed
framework for robotic rehabilitation should not only enable the changes
supervised by the therapist, but also deliver the basic outlines of a tra-
ditional therapy session without endangering the safety of the patient.
In particular, the exercise sessions should be repetitive and intense; as-
sistance should be provided to the patient just enough to make the task
completable so that active involvement of the patient should always be
encouraged. Furthermore, using the activities of the daily living makes it
easier to port the recovery obtained in laboratory environments to real-life
applications. It should also be noted that coordination and synchroniza-
tion of multiple DoF system is more essential than the exact timing along
the desired path, therefore, a therapy routine resembles more of a contour
tracking task.
Providing a rehabilitation framework that inherits all these qualities
is not trivial, especially despite some of human motor control proper-
ties which are beneficial in our daily lives but could hinder the outcomes
of therapeutic exercises. One major challenge is prevention of slacking,
specifically, the continuous decrease in the levels of muscle activation dur-
ing repetitive motions as the movement error becomes small. Although it
can be beneficial for implementations of orthosis since it enables a more
effective coupling between the user and the robot, controllers should be
designed in a way that patient cannot rely on the robot to complete task
in order to achieve active participation of the patients in rehabilitation
exercises. Modeling of this slacking property along with some compen-
sation techniques have presented in the literature. In [131], authors have
proposed using a reducing force term with a time constant implemented
through an adaptive controller to provide assistance as needed. In this con-
troller, the assistance force decays as the error in task execution becomes
small. With the help of this forgetting factor, overall controller architecture
enables compensation against the slacking characteristics of human motor
control; letting the patient ‘take over’ most of the physical effort required
to complete the movement. Motivated by the findings of this experiment,
several computational models of slacking have been proposed in [132].
Preliminary experiments have been conducted in [133] to implement
the minimum assistance concept in rehabilitation. In these experiments,
the chosen pattern of assistance has been shown to display a less-than-
linear increase for small errors, thus facilitating the emergence of active
un-aided control at the end of training; for large errors, that are likely to
occur at the beginning of training, the assistance grows more than linearly
in order to speed up the learning process. Moreover, difficulty of the given
task is increased if the performance of the patient is adequate. Difficulty is
adjusted through the frequency of the given movement. In [134], authors
have also incorporated an adaptive gain value for the force fields which
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reduces the gain if the previous checkpoints are successfully accomplished
in a trajectory tracking exercise.
Unlike these ad-hoc methods, PVFC controller tackles the problem
more systematically and can compensate for slacking without sacrificing
the passivity of the controller. With PVFC, the complexity of the given task
can be changed based on not only the frequency of the movement but the
energy of the overall system or the velocity field generated over the desired
contour can be modified to result in more difficult tasks [113]. Measuring
the performance of the patient online rather than between trials or at check
points can be achieved trivially with the closest point algorithm presented
in [113]. Moreover, PVFC can accomplish slacking prevention passively,
a property that cannot be assured with any of the ad-hoc compensation
methods.
4.1 Online Velocity Field Generation of Parametric Curves
In this subsection, passive velocity field generation for parametric curves
is summarized. Even though existence of a velocity field encoding the
task is a crucial part of PVFC, determination of such a velocity field is
not a trivial matter. In most of the previous studies simple contours, such
as lines and circles, are used so that the contour error can be calculated
analytically [135, 136]. In [137], generation of velocity fields for generic
parametric surfaces is studied and a method for off-line calculation of
velocity fields using pre-selected grids is proposed.
Alternative methods attack the velocity field generation problem from
a controls perspective and design controllers for online generation of the
vector field [121], as previously utilized for 3RPS-R device in Chapter
II. In particular, in [121] Li et al. has proposed a technique for encoding
103
velocity fields on the configuration manifold for parametric curve tracking,
based on state suspension and self-pacing. The approach is similar to use
of navigation functions for path planning [122] and is implemented by
introducing two new states (curve parametrizationτ and its time derivative
τ˙) to the system dynamics (called suspension) and controlling these states
using properly defined error functions and potential fields. To ensure good
tracking performance, τ˙ is continually adjusted with respect to the rate of
convergence (self-pacing).
In this subsection, an alternative approach to online generation of ve-
locity fields for parametric curves is presented. In particular, utilizing a
feedback stabilized closest point tracking algorithm for real-time deter-
mination of the contour error [138, 139, 140] is proposed and for online
construction of the velocity field. This algorithm is similar to the state
suspension approach in [121], since it also uses a feedback controller. The
uniformly asymptotically stable controller updates the location of clos-
est point on the curve to continually track the end-effector of the robot.
However, this approach is different in in various ways: First of all, the
configuration error is calculated directly at the task space. The controller
introduces only a single new state, the variable that parameterizes the
curve, and updates this state without any need for pre-determined error
and potential functions. Since the implementation of controller simply re-
quires evaluation of a point on the curve and its unit tangent, the approach
is computationally efficient. Furthermore, thanks to its feedback-stabilized
core, the algorithm is immune to initialization errors, and robust against
drift and numerical noise. Additionally, the algorithm is generalizable
to generate vector fields for parametric surfaces, allowing tasks in which
end-effector motion needs to be restricted to move on a surface (instead of
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a curve) be implemented with the PVFC approach.
4.1.1 Real-Time Determination of the Contour Error
The core idea of the closest point tracking algorithm is demonstrated on
a smooth planar curve depicted in Figure 4.1. Let s be the path length
parameter and f(s) represent the parametric curve C. At any parameter
value s, the curve f(s) maps to a point in space. Let fˆs(s) denote the unit
tangent vector at s. Then, the unit normal nˆ(s) at s can be calculated by
taking the cross product of the unit tangent vector with the unit vector
kˆ, which points out of the plane. The algorithm is founded on the fact
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Figure 4.1: Feedback-stabilized closest point tracking algorithm
that the vector E connecting the closest point to the end-effector (EE) is
perpendicular to the surface tangent at the closest point. Convergence is
achieved utilizing a feedback controller that checks for this condition at
each instant of time and continually updates the location of a test point
(TP) until it converges to the closest point. In particular, given a test point
on the parametric curve, the algorithm forms the vector Γ initiating at
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test point and extending to the end-effector. The projection error Ψ is
calculated by projecting the Γ vector on the unit tangent vector evaluated
at the test point. Then, the controller updates the location of the test
point by determining its speed of movement along the curve, that is, by
setting s˙TP, to drive the magnitude of the error vector ζ to zero. More
formally, the following theorem can be stated for a ‘nice’ rigid convex
regular parametric curve C parameterized by its path length s. A curve
is defined as ‘nice’ if unit normals evaluated at any two different points
on the the curve are not collinear. Let  be a small positive constant, κ
represent curvature, Γ¯ and v¯ be upper bounds on magnitude of Γ and CvEE
vectors, respectively. (.)∗ denotes quantities evaluated at the closest point.
All the vectors are represented by boldface while standard fonts are used
for their magnitudes.
Theorem 1 If the image of the mapping f(s) : [0, l] → <2 defines a ‘nice’ rigid
convex regular parametric curve C, EE is in the Voronoi region of C, EE is in
continuous relative motion CvEE with respect to C, and the controller gains satisfy
K1 > 2Γ¯v¯ε2 and K2 >
Eκ∗
Eκ∗+1 , then the controller
s˙ = K1 ψs + (K2 + 1) sign(ψs)
(
fs · CvEE
)
(4.1)
renders the closest point of C to EE uniformly exponentially stable over the whole
curve C.
Proof 1 The proof is based on a control Lyapunov function
V = (Γ · Γ − E · E) /2 (4.2)
Continuity of the Lyapunov function V follows from the convexity of the curve
C and continuity of the relative motion. Positive definiteness of the Lyapunov
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function follows from the fact that ζ2 ≤ V, while decrescency of the Lyapunov
function follows from the niceness of the curve resulting in the inequalityV ≤ ρζ2,
where ρ is a positive constant. To prove global uniform asymptotical stability
of the algorithm, the negative definiteness of the time derivative of the control
Lyapunov function and invariance over the curve are shown. Uniform exponential
convergence is proven by showing that the time derivative of the control Lyapunov
function is upper bounded by a negative definite function of the error state ζ.
Differentiating the vectors in the reference frame C, the time derivative of V is
given by
V˙ = (Γ − E) · CvEE − Γ · fs s˙ (4.3)
Defining Ψs , Γ · fs, the term Ψss˙ defines the controls while the remaining
disturbance term along the tangent and normal directions can be expressed as
(Γ − E) · CvEE = [ (Γ · nˆ − E) nˆ + ψs fs ] · CvEE (4.4)
Using feed-forward and feedback controls (update rules) as s˙ = s˙ f f + s˙ f b, the
system can be regulated to ζ = 0. In particular, the tangential component
of the disturbance can be canceled with the feed-forward control input s˙ f f =
sign(ψs)
(
fs · CvEE
)
, while the normal component can be dominated with the feed-
back controllers. The feedback controllers are designed as follows: Let ε denote a
small positive number.
• If ψs > ε, then a feedback term in the from of s˙ f b1 = K1ψs dominates the
disturbance if K1 > 2Γ¯v¯ε2 . With such a controller, it can be shown that
V˙ < −β1 ζ2, where β1 is a positive constant.
• If ψs < ε, then a small signal analysis can be conducted. Noting that nˆs =
−κ fs for a planar curve, the first order approximation for the disturbance
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about ζ = 0 can be derived as
(
ψs − E) nˆ · CvEE ≈ −Eκ∗ 4 s (fs∗ · CvEE) (4.5)
where 4s , s − s∗. Similarly, a first order approximation of ψs can be
calculated as
ψs ≈ [Eκ∗ + 1] 4 s (4.6)
Then a feedback term in the from of s˙ f b2 = K2 sign(ψs)
(
fs · CvEE
)
can be
used to dominate the disturbance if K2 > Eκ
∗
Eκ∗+1 . With such a controller, it
can be shown that V˙ < −β2 ζ2, where β2 is a positive constant.
Since the above stated conditions can be shown to hold over the whole curve C,
global uniform asymptotic stability can be claimed.
Remark 1: To avoid the discontinuity in controls causing chatter in the
response, sign(ψs) function can be approximated by tanh(ψs).
Remark 2: If the simplified controller s˙ = K1ψs is used, then global uniform
practical stability can be claimed since convergence to an arbitrarily small
ball Bε can be archived by proper selection of the controller gain K1.
Remark 3: The results can be trivially generalized to parameterizations
other than the path length parametrization.
Remark 4: The algorithm can be generalized to convex surface patches by
utilizing the same control Lyapunov function V, but by using two vari-
ables u, v parameterizing the surface instead of the path length parameter
s parameterizing the curve. See [138, 140] for details.
In [140], the above stated results have been extended to surface to surface
tracking. Uniform asymptotical stability of the algorithm implies robust-
ness against numerical noise and more importantly against initialization
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errors on the path. Under some mild assumptions on convexity, the global
convergence of the algorithm can be guaranteed, rendering any initializa-
tion on the parametric curve as an acceptable one. Requiring a few function
evaluations, simple vector operations and an integrator, the algorithm is
computationally efficient and easy to implement.
Operating on the projection errors, the controller can update location of
the closest point to continually track the end-effector on a simple contour.
However, often the desired contour is more complex than a simple ‘nice’
convex curve. Luckily, such complex parametric curves can be formed by
tiling several curves together. While working with tiled-together contours,
the determination of the relevant curve that is closest to the end-effector
is required. To handle such cases, the closest point tracking algorithm
has been extended to handle tiled-together curves [140]. To determine the
relevant curve, a switching controller is used, where the mode switches
are triggered and the proper state initializations are handled via a finite
state machine. The finite state machine governing the discrete behavior of
the controller is formed oﬄine based on the Voronoi regions of the object’s
features and their connectivity. The finite state machine performs a feature-
based tracking similar to the algorithms derived for polyhedral collision
detection [141] and [142].
Even though the determination of the Voronoi regions of a complex
object can be computationally expensive, the real-time performance of the
algorithm is not affected since this computation is performed off-line and
only once during the geometric modeling of the path.
Global convergence of the algorithm requires the each curve patch to
have a unique extremum; hence, the path should be divided into strictly
convex (concave) and nice curve patches. If this condition is not satisfied,
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then convergence will still take place, but for initializations of TP that are
“sufficiently close" to (within the region of attraction of) CP. Note that local
uniform asymptotic convergence implies that even for non-convex curves,
the algorithm is still immune to initialization errors, but region of attraction
may not cover the whole curve patch.
4.1.2 Online Formation of the Velocity Field
A desired velocity field embeds the desired contour following task by
assigning a reference velocity at every point in the manipulators’ task
space. In PVFC, the velocity field is used to decouple the speed of task
from the task itself. In particular, with a properly designed velocity filed,
the robot converges to the desired contour in a manner that is best suited
for its current location independent of its speed.
The velocity field that encodes a desired contour can be constructed
through a weighted superposition of two vector fields: a tangential vector
field V‖ and a normal vector field V⊥. In particular, given such two fields,
a velocity field V that smoothly converges to the desired contour can be
calculated using sigmoidal type weight functions as
V = − 2
1 + e−υ E
V⊥ +
( 2
1 + e−υ E
− 1
)
V‖ (4.7)
where E represents the contour error and υ is the sigmoid variable that
adjusts the relative weighting of each field with respect to E.
In general, calculation of proper tangential and normal vector fields to
encode a path for any configuration of the robot end-effector is a challeng-
ing task, mainly because determination of the closest point on a generic
curve is not trivial. However, equipped with the closest point tracking
algorithm presented in subsection 4.1.1 that determines the parameter of
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the closest point s∗ on a parametric curve f(s), such vectors can be simply
calculated as
V‖ = v fs(s∗) (4.8)
V⊥ = χ (rCoEE − f(s∗)) (4.9)
where v and χ are scaling parameters.
Figure 4.2 presents the tangential and normal vector fields calculated
at every configuration of the robot end-effector using the closest point
tracking algorithm presented in subsection 4.1.1.
(a) Tangential Vector Field (b) Normal Vector Field
Figure 4.2: Tangential and normal vector fields
Figure 4.3 presents the desired velocity field calculated using the sig-
moidal weighted sum of tangential and normal vector fields. Note that
calculation of the velocity field at every position of the end-effector is not
necessary for PVFC, since a reference velocity can be calculated online
given the actual position of the end-effector. Here, Figures 4.2 and 4.3 are
constructed off-line, only to allow for visualization of the vector fields.
Extension of this velocity field generation methodology to path tracking
in 3D is trivial and equations (4.8) and (4.9) are still valid for forming the
velocity field. Furthermore, extension to surface tracking can be achieved
utilizing the same perpendicular component of the field, while tangential
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Figure 4.3: Weighted sum of tangential and normal vector fields
component is formed with projection of Γ vector on the tangential plane.
4.2 Methods for Slacking Prevention
Within the proposed control framework, slacking prevention can be im-
plemented through three different methods: (i) by changing the shape of
the desired contour, (ii) by regulating the assistance acting towards the
desired contour, and (iii) by modifying the speed of the task. Thanks to the
separability property of the controller, these slacking prevention schemes
can be implemented individually or concurrently. Whenever the contour
tracking error metric, typically calculated based on the integration of the
instantaneous contour error E within a window, becomes lower than a pre-
defined threshold, the preferred modification method(s) can be triggered
in order to increase the task difficulty. Note that the aim of this thesis is to
provide the framework that enables implementation of slacking preven-
tion with guaranteed interaction stability and task continuity. The decision
on the use of proper method or combination of the available methods is
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left to the expertise of the therapist, to be customized based on the needs
of the patient.
4.2.1 Changing the Shape of the Desired Contour
The desired contours are parametrized and formed by Non-Uniform Ra-
tional B-Spline (NURBS) curves. These parametric curves are powerful yet
easy to use tools which can be utilized to design exercise paths that define
customized rehabilitation tasks for each patient. Complexity of the con-
tour following task can easily be modified by changing the control points
or knot sets defining the curve, without breaking continuity of the contour.
Thanks to the local support property of NURBS curves, a curve can be
modified locally without changing its shape in a global manner.
The smoothness of movement and safety precautions require that the
transition between the curves should be at least C1 continuous, so that the
tangential component of the velocity field is free of abrupt changes. Con-
tinuous change of contours can be achieved by generating a curve patch
between the desired parameters on the original contour and the target
contour, while imposing a differentiability constraint at the boundaries.
When a contour change is triggered due to the decrease of the error
metric down to a pre-determined threshold, the complexity of the target
curve can be increased by various techniques ranging from a simple in-
crease of the relative distance between of control points to more advanced
methods based on curvature modulation.
Note that neither the continuity of contour following task and smooth-
ness of the assistance provided throughout the task, nor the coupled sta-
bility of the overall robot-patient system are compromised with the in-
troduction of the curve patch or modulation of the shape of the target
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curve. Therefore, it provides a unique and systematic method in literature
to continuously modulate the contour shape for slacking prevention.
4.2.2 Regulating the Assistance Guiding towards the Contour
The amount of assistance provided to guide the patient towards the target
contour can be modified based on the performance of the patient to prevent
slacking behavior. Since the level of assistance is coupled to the amount of
energy available within the system, the perpendicular vector field can be
modulated by adjusting the scaling parameter χ (in Eqn. (4.9)) normalized
by the square root of the instantaneous energy of the system.
In particular, if the performance of the patient is observed to stay above
a predefined threshold, the assistance due to the perpendicular vector field
can be scaled down by decreasing the scalar parameterχnormalized by the
instantaneous velocity. Assistance modification has been proposed in the
literature through the use of forgetting factors or utilization assistance lev-
els, such as more-than/less-then linear approaches. However, these ad-hoc
methods cannot ensure coupled stability, while implementation of assis-
tance modification with PVFC is guaranteed not to jeopardize passivity;
hence, ensures coupled stability.
4.2.3 Modifying the Speed along the Contour
During most of the conventional rehabilitation exercises, the pace of the
task is left to the control of the patient, so that the patient can assume a
natural and comfortable speed for the task. However, in order to prevent
slacking of the patient, speed of the movement on the desired contour can
be regulated. In PVFC, the pace of the task is determined by the total energy
present in the system. This energy is due to the initial conditions and the
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work done by the external forces, that is, the energy provided/subtracted
by the patient and disturbance forces acting on the system. However, the
speed of the contour following task can also be controlled by regulating the
total energy of the system by the actuators through an exogenous control
term appended to the original PVFC controller in Eqn. (3.14) as
τforced = ς P¯
(
r − P¯
T ˙¯q
2E¯
)
, ς > 0 (4.10)
where ς is a damping coefficient and r is the speed coefficient; addition of
this extra term τforced causes the velocity ˙¯q to converge to rV¯.
With this exogenous control law in place, if the error metric becomes
lower than the predefined threshold, the pace of the exercise can be in-
creased to prevent slacking, by introducing energy to the system through
positive work done by the actuators. This method is similar to changing the
frequency of the motion as the patient performance increases [133]. How-
ever, in our case, the speed of the task can be modified instantaneously
at any desired section of the curve. This feature enables a large portfolio
of rehabilitation protocols to be realized when compared to changing the
frequency of the motion at each movement repetition.
4.3 Implementation and Verification of Slacking Preven-
tion Method
We have implemented the proposed slacking prevention schemes on a
physical setup to test the feasibility and coupled stability of the approaches.
The experimental setup consists of a two degrees of freedom planar haptic
interface equipped with a six axes F/T sensor as shown in Figure 4.4.
The haptic interface is controlled with PVFC in real-time with a sampling
frequency of 1 kHz through a desktop computer equipped with a PCI I/O
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card.
In order to demonstrate passivity of the controller while implementing
each of the proposed slacking prevention methods, the kinetic energy of
the augmented system is compared with the energy entered to the system
through the work done by the external forces, by the user and/or the speed
regulator term of the controller (Eqn. (4.10)). External forces applied by
the user Fh are measured with the force sensor attached at the end-effector
of the mechanism so that work done by user Eh can be calculated as
Eh =
∫ t
0
FTh x˙ dτ (4.11)
Note that force sensor is used only for validation of the passivity of the
Figure 4.4: Force sensor equipped planar two DoF haptic interface under
PVFC is employed to track closed contours.
controller and is not required to implement PVFC. End-effector veloci-
ties can be calculated from joint rotations through motion level kinematic
relations: x˙ = J q˙.
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Figure 4.5: Three curves with simple, mild and hard difficulty levels
4.3.1 Changing the Shape of the Desired Contour
In this experiment, three curves with increasing complexity are created
using the SISL NURBS library of SINTEF, as shown in Figure 4.5. In
Figure 4.5, Curve 1 is the simplest path, Curve 2 offers mild difficulty,
while Curve 3 is the hardest path, based on their curvature profiles. An
equal circumference constraint is enforced for these curves such that the
performance metric based on integration of instantaneous contour error E
serves as a fair means of comparison of performance even while performing
on different contours. Even though modifications of the contours can
be performed online thanks to the the local support property of NURBS
curves, in general, keeping the path length constant requires alterations
that reach beyond the local modifications. Hence, the curves in Figure 4.5
are designed oﬄine.
The experiment starts with the easiest curve, Curve 1, and typically
curve changes are triggered when the patient performance reaches above
a pre-determined threshold. In all of the implementations presented in this
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Figure 4.6: Transition from Curve 1 to Curve 2 with C1 continuity
section, changes are triggered just after completing the first cycle on the
closed contour, that is when s = 0, in order to simplify presentation. Once
a curve change is triggered, a patch curve is generated between the current
and the target curves in order to connect these two curves without breaking
C1 continuity of the path being followed by the users. Figure 4.6 presents
such a curve patch generated for continuous transition from Curve 1 to
Curve 2. In this example, the parameter that locates the departure point
on Curve 1 is chosen as sd = 0.3, while the parameter that locates the arrival
point on Curve 2 is set as sa = 0.4.
Figure 4.7 depicts the energy plots of the system under two different
test cases: in the first case (Figure 4.7(a)) no external forces are acting on the
system, while in the second case (Figure 4.7(b)) the user applies external
forces through the end-effector of the device. For both cases, system is
initialized with a fixed amount of initial energy. For the first case, the
kinetic energy of the augmented system is expected stay lower than this
initial energy at all times, while in the second case, the energy increase is
expected to stay less than the work done by the external forces, since PVFC
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guarantees passivity with respect to externally applied forces. Moreover,
no discontinuities should be observed in the system energy due the change
of curves.
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Figure 4.7: Kinetic energy of the augmented system while changing the
shape of the desired contour. a) Without external forces b) With external
forces
Figure 4.7(a) demonstrates that energy of the overall system ka is con-
tinuous and does not exceed the initial energy on the system as anticipated.
In fact, ka decreases gradually due to the negative work done by the friction
forces inherent to the haptic interface. One can observe from Figure 4.7(b)
that although the kinetic energy of the augmented system increases, this
increase remains bounded with the energy provided by the user. The
work done by the user is larger than the kinetic energy increase of the aug-
mented system, since some of the work done by the user is dissipated by
the friction forces. The energy plots are continuous as expected. Hence, the
experiments verify that the curve change for slacking prevention within
the proposed control framework preserves passivity of the system with
respect to externally applied forces, as predicted by the theory.
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4.3.2 Regulating the Assistance Guiding towards the Contour
In this experiment, three different assistance levels are selected by using
three different scalar parameters χ for the normal component of the ve-
locity field. Note that changing this assistance value does not change the
controller characteristics (passivity and convergence), as long asχ > 0. The
desired path is chosen to be Curve 1, the curve with the easiest difficulty
level. In this experiment, the speed regulation term (Eqn. (4.10)) is added
to the controller so that the pace of contour following and thus the energy
of the overall system is modulated. Inclusion of the speed regulation term
into the controller is necessitated in order to analyze the effect of the as-
sistance change independent of the speed change in the system. As in the
previous subsection, the kinetic energy of the augmented system is ana-
lyzed for two cases: with and without external forces. Due to the existence
of the speed regulator term in the controller, overall energy of the system
is expected to stabilize around the predetermined values in both cases.
However, the work done by this extra term should be solely responsible
for the energy of the augmented system for the first case, since there exists
no external forces and controller should not generate additional energy,
say due to a change in the normal component of the velocity field. In the
latter case, it is expected that the kinetic energy of the overall system does
not exceed the sum of work done by the user and by the speed regulator
term.
Figure 4.8(a) shows that energy of the system is successfully modulated
to the pre-defined value that is dictated by the speed regulator. Moreover,
the change in the level of assistance along the normal direction neither
injects additional energy at the trigger instances nor cause discontinuities.
Therefore, the smoothness of control action and the passivity of the con-
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Figure 4.8: Kinetic energy of the augmented system while reducing the
assistance guiding towards the contour. a) Without external forces b) With
external forces
troller are preserved. Same conclusions are also valid for the second case in
which external user forces act on the system. As depicted in Figure 4.8(b),
in this case the energy of the overall system increases and stabilizes around
the pre-defined value enforced by the speed regulator. In particular, the
speed regulator injects additional energy or subtracts excess energy from
the system in order to maintain the desired energy level throughout the
trial. As expected, the overall energy remains bounded by the total work
done by the user and the speed regulation term.
4.3.3 Modifying the Speed along the Contour
For the third method, three different task speeds are implemented by ad-
justing the speed coefficient term r of the speed regulator. Curve 1 is
121
utilized for the experiment and the assistance level is set to an adequate
constant value. Figure 4.9(a) shows that although there is no external
forces, speed regulator term can increase the energy of the overall system
from zero to the desired level and after each instance of task speed change,
the system converges to a new energy level. The kinetic energy of the
augmented system always remains lower than the energy provided by the
speed regulator. When there are external forces acting on the system, the
speed regulation term can compensate for the energy provided by the user
in order to keep the energy at desired levels for each speed level. Nev-
ertheless, the kinetic energy of the overall system remains lower than the
total energy input to the system.
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Figure 4.9: Kinetic energy of the augmented system while increasing the
speed along the contour. a) Without external forces b) With external forces
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4.4 Slacking Prevention User Study
In order to test the applicability and efficacy of the proposed slacking pre-
vention framework, an additional experiment is conducted with healthy
subjects, for the method of changing the shape of the desired contour. In
this experiment, regulation of the speed of the task is left to the user. In
that respect, the error metric is chosen as the scaled cumulative contour
error, in which the sum of instantaneous errors over a loop on the curve is
scaled by the average speed for that loop. Therefore, the user should, not
only perform the contour following task with low contour errors, but also
maintain adequate speeds in order to achieve enough progress in perfor-
mance to trigger the slacking prevention. This requirement is imposed in
order to keep the contour following task challenging enough for healthy
subjects, even though the speed of the task may not be taken as a regulated
parameter or may be supervised by the therapist during rehabilitation exer-
cises. Assistance provided along the normal direction towards the contour
is kept at an intermediate level so that the task remains challenging, yet
achievable after a reasonable amount of cycles. Since the volunteers are
expected to learn the task using only the force feedback provided, visual
feedback is intentionally disabled during the healthy subject experiments.
In order to limit the large deviations from the contour, virtual walls (with
dead zones) are also implemented around the curve. Instructions given
to the volunteers are to follow the contour embedded in the force field
as closely as possible at a self-imposed pace and to increase their pace as
they feel more comfortable with the task. Volunteers are allowed to ex-
plore the workspace to get familiar with the task before the experiment is
administered.
Figure 4.10(a) presents the normalized cumulative contour error with
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Figure 4.10: a) Normalized cumulative contour error with respect to the
number of loops completed for a typical volunteer. Exponential curves
are fit on the human subject data to help visualize the rate of learning. b)
Kinetic energy of the augmented system together with the work done by
the user.
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respect to the number of loops completed for a typical volunteer. The
instant when the curve change is triggered is also marked on the figure. As
expected, the normalized cumulative contour error is large at the start of the
task but decreases rapidly as the volunteer learns how to complete the task.
In Figure 4.10(a) exponential curves are fit on the human subject data to
help visualize the rate of learning. Once the performance of the volunteer
increases up to a pre-defined threshold, a curve change is triggered for
slacking prevention and a sudden increase in the error can be observed
just after this curve change. Once again, the volunteer easily adapts to
the new contour and his learning is modeled by the second exponential
learning curve in the figure. Even though only anecdotal at this point (a
larger user study is currently ongoing), Figure 4.10(a) provides evidence
that the slacking prevention by changing the contour to be followed can
be effective by compensating for human learning to keep the user engaged
throughout the exercise.
Figure 4.10(b) depicts the kinetic energy of the augmented system to-
gether with the work done by the user. In this experiment, at the instant of
curve change, the energy in the system is deliberately reduced to enforce
the user to exert same amount of effort while adapting to the new contour.
Regardless of this modification, the user keeps on doing positive work
on the system so that the speed of the task increases as more energy is
injected to the system. It can be observed from Figure 4.10(b) that the pas-
sivity of the controller; hence, the coupled stability of the overall system is
preserved throughout the trial.
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Chapter III
5 Effects of Haptic Feedback in Adaptation of
Human Motor Control System
Abilities of biological motor system are impressive looking from a purely
control perspective and mimicking the performance of human motor con-
trol for planning and execution of movements is still challenging. The main
challenge is the problematic properties of the plant to be controlled due
to biological properties of human that possess high dimensionality, noise,
redundancy, uncertainty, continuously changes and time delays. Human
motor system seems to be capable to cope with this control problem seam-
lessly, repetitively and in an optimal manner. Identifying the principles
behind this superior human motor control system is still an open question
which would greatly benefit implementing control systems that can be
used in rehabilitation protocols. If the methodology behind motions of hu-
mans can be discovered, exercises which are more natural to patients can
be implemented. Then the aim would be to shape the motion of the patient
such that it converges to the motion of an optimal features of an healthy
person. Moreover, information obtained from these studies can be used
for diagnosis metrics of patients by using the distance of the performance
with respect to a pre-calculated optimal.
In literature, the quest for understanding human motor system starts
with classification of the human motion with redundancies. In reaching
movements, even if the torso is strapped to a chair, human arm presents
a seven degree of freedom kinematic chain with three degree of freedoms
in shoulder joint, one degree of freedom in elbow, one degree of freedom
in forearm and lastly two degree of freedoms at wrist joint. This alone is a
challenging problem when we are dealing with tasks in three dimensional
space. However, human motor system is capable of controlling thousands
of degree of freedoms when the motion of a single degree of freedom is
broken down into two pairs of muscles (agonist/antogonist) and further
into the neurons that control these muscles. Moreover, when humans make
point-to-point movements in free space, there is, in principle, an infinite
choice of trajectories. However, many studies have shown that human
subjects tend to choose unique trajectories with invariant features.
In [143], experiments are conducted for writing equivalences. Sub-
jects write, blindfolded, a given word group with their dominant and
non-dominant hands, both straight and mirrored. Although neatness of
the letters differs with the difficulty of the task, all examples have similar
structure and shapes for each patient. A second experiment is conducted
which also validates similarities of handwriting when the subject is as-
signed to write their names using only their hand or arm. These two
conditions have high similarities with each other as well as the uncon-
strained signature. In other words, writing with different muscles, differ-
ent speeds and in absence of visual feedback preserves characteristics of
writer. Therefore, this demonstration is an evidence: action is planned
and executed in terms of the goal, not of specific muscle contractions. To
that end researchers assumed redundancy is eliminated by adding inter-
nal constraints. Investigation of these phenomenon are validated through
prior experiments in which tasks are made of simple visual stimulus and
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successful point-to-point reaching movements. These experiments show
that movements tend to be straight (or, slightly curved) and smooth and
the velocity profile of the hand trajectory is bell-shaped. From that point
researches on this topic started to yearn for optimal control theory for find-
ing the models that can represents invariant features of the human motion
in detail. It is proposed that biological system evolved to find optimal
solutions beforehand and uses them online to move to a point in space.
More generally, in the optimization approaches, the trajectory is predicted
by minimizing a cost functional J, over the movement time T, subject to
zero boundary conditions imposed on start and end points, corresponding
to the rest states at each end. The performance index can be formulated in
the joint space, in the task space normally associated with the human hand,
or in the task space of object coordinates if there exists a nonrigid coupling
between hand and the object. Various studies are proposed in order to
define the correct cost functional in that structure so that unconstrained
point-to-point reaching movements can successfully predicted. Generally
the challenge has been to try to reverse-engineer the cost function from
observed movement patterns and perturbation studies.
These approaches can be divided into three major categories. First
category is to use cost functions generated from kinematic quantities such
as jerk [144] or acceleration [145]. These controllers use nth derivatives of the
position function for the cost to minimize. Note that these position values
may be the joint space coordinates or task space coordinates as mentioned
above. Among these methods Minimum Jerk Model is widely accepted
through various experimental validations. It provides an explanation to
the constraint problem for redundancy of the hand muscle system and
is consistent with the experimental results which produce approximately
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straight bell-shaped tangential velocity profiles. Minimum jerk model
further generalized for curved motions such as opening a door [146] and
for tracing a sphere with the end-effector of a robot [147]. In the latter
studies, Lagrangian multiplier are integrated to the cost function in order
to deal with geometric constraints of the objects. Before going into the
details of other models, a quick note regarding the reference [148] should
be highlighted. In this study, authors show that smoothness of the motion
of the patients are degrading and with successful rehabilitation exercises in
time, patients regain some of the smooth characteristics of healthy subjects.
Therefore, it is claimed that jerk of the motion can be used for progress
metric. This hypothesis alone supports the motivation for investigating the
human motor system in order to increase the outcomes of a rehabilitation.
Experiments with minimum jerk models show that although for hori-
zontal motions the characteristic for the human motion can be predicted,
for vertical movements, results are not satisfactory. The reason is motivated
to be the gravity and work done against it. Therefore, Uno et al. proposed
that cost to be minimized can’t simply be described with only kinematic
quantities [149]. They proposed Minimum Commanded Torque Change
Model, which minimized the commanded torque in each joint which is
calculated with a muscle model and dynamic equation of a simplified
two link manipulator. For movements within the horizontal and sagittal
planes, the minimum commanded torque change model was shown to
reproduce the spatial characteristics of measured trajectories; the magni-
tudes and directions of curvatures, better than kinematic based models
models while comparing the correlation of the experimental data and the
simulations of the models. On the other hand, another experiment is con-
ducted in [150], where visual feedback of hand position was altered so as
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to increase the perceived curvature of the movement. As expected, this
experiment supports kinematic based models when compared to dynamic
cost function methods, in particular minimum jerk, since the disturbance
is kinematic based. Therefore, each model has the advantages against each
other when the situation in each task is differentiated accordingly. More-
over, questions such as how central nervous system benefits from having
smooth movements and how complex quantities, such as jerk or torque
change, and then integrate them over the duration of a trajectory could be
estimated, is still unknown.
Third category is benefiting from stochastic optimal control theory,
based on the single physiological assumption which is more biologically
plausible approach for central nervous system : The neural control signals
are corrupted by noise whose variance increases with the size of the control
signal [151]. In the presence of such signal-dependent noise, the shape of
a trajectory is selected to minimize the variance of the arm position over
a post-movement time interval. Without a comparison over the previous
models, it has been shown that empirical and predicted trajectories fit with
similar velocity profiles. In [152], implementation of this is generalized to
continuous time and they look into the limit cases of this post-movement
time, showing that minimum variance model prohibits same characteris-
tics with minimum effort models when the post-movement time is large
enough. Todorov also pointed out the similarities of signal-dependent
noise to cosine tuning, or in other words minimizing squared force, in the
isometric case based on average activity over agonist bursts [153]. How-
ever, the minimum variance in force focuses only on the average activity
over agonist bursts, and can explain neither the spatiotemporal character-
istics of redundant muscle recruitment nor the characteristics of trajecto-
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ries. According to Haruno and Wolpert, [154], spatiotemporal information
would provide insight for not only studying the amplitude-graded pat-
tern of EMG, but also investigating both agonist and antagonist peak of
the cosine for each muscle’s activity and the trajectory overshooting. Over-
all, such an optimization problem based on stochastic optimal control can
be conducted by either a feedforward controller such as the two models
mentioned above or with an optimal feedback controller that is combined
with a predictive forward model [155]. An effort penalty term which is
quadratically increasing with the magnitude of the control signal is added
to performance metric in order to model the lazy and sloppy characteris-
tics of human behaviors. Furthermore, according to Todorov and Jordon
redundancy is not a problem, on the contrary, it is part of the solution to
increase the task performance, since theocratical model reduces the vari-
ance of the dimension that was critical for task performance, whereas the
variance of other redundant dimension could increase to compensate for
this.
Above models in three categories give valuable insights for human
reaching movements with positional constraints, however, rhythmic tasks
where user is told to perform a rhythmic operation such as drawing cir-
cles is shown to be covered by different characteristics. In [156], using a
human functional neuroimaging experiment, it is shown that compared to
the areas activated in rhythmic movements, discrete movements contains
several higher cortical planning areas including the areas that are valid for
rhythmic movements. Therefore, rhythmic movements needs a separate
neurophysiological and theoretical treatment. Early studies on handwrit-
ing and drawing movements observed that there is a systematic relation-
ship between the velocity of the end-effector trajectory and the geometric
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path that it describes. From that observations, Lacquaniti et al. , [157],
came up with the 2/3 Power Law, which states that the angular veloc-
ity of the endpoint is proportional to the curvature of the end-effector
path by satisfying the power relation of 2/3. This formula is shown to
be valid for circular drawing experiments in horizontal planes, however,
Schaal et al. shows that it is not valid for elliptical trajectories which con-
tain nonlinear effects in vertical planes. Subjects rather employed smooth
oscillatory pattern generators in joint space to realize the required move-
ment patterns [158]. On the contrary, in [159] authors use another central
pattern generators named as ‘The Matsuoka Oscillator’ which can be used
for rhythmic movements as well as discrete motions with feeding central
pattern generator with an exponentially decaying phasic input. However,
results in this study only validates that similar velocity profiles for discrete
movements can be obtained with a pattern generator. In general, all of the
mentioned studies in rhythmic movements focus on a subset of answers;
satisfying some of the properties of human motor system. An explanation
is still necessary on how human motor system get use of these models,
or how parameters that are calculated with regression in generators are
neurophysiologically decided in real time.
Another direction towards the generalization of the optimal models
would be analyzing the behavior of human motor system under some
perceptual and mechanical perturbations by artificially manipulating dif-
ferent parameters (e.g., inertia, stiffness, damping, etc.) of the arm. For
example, in [160], authors design reaching experiments in a rotating room,
and subjects perform substantial movement curvature and miss desired
target position by a large amount, but after 10 reaches, subjects adopts
completely and move in straight lines. After disturbance is canceled, sub-
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jects again make errors, this time opposite to the direction of rotation.
However, they were able to wash out the after-effects in time. Another
method for artificial disturbance generation is to use force fields with the
help of manipulators [161, 162]. These experiments are also in favor of
the hypotheses that motor controller was gradually composing a model
of the force field, a model which the nervous system used to predict and
compensate for the forces imposed by the environment. In particular, it
has been argued that there were after-effects in workspace regions where
no exposure to the field had taken place. This shows that there was transfer
beyond the boundary of the training data which suggests adaptation was
not via composition of a look-up table, on the contrary, subjects modeled
the force field by a combination of computational elements [162].
These experiments may be classified by parametric perturbations since
they do not alter the fundamental structure of the arm (e.g., the number
of joints, muscles, etc.). Therefore they do not alter the number or type of
state variables used to characterize the arm’s equations of motion. This
may be the reason of humans eventually returning to making stereotypical
smooth movements after some learning period. Further analysis can be
made when interactions with non-rigid objects are also taken into account
which is most of the case in activities of daily livings. Manipulating non-
rigid objects poses a fundamentally different control problem. New state
variables (the position and velocity of the object) are added to the combined
system, arm and object, being controlled. This then fundamentally alters
the structure of the governing equations of motion: entirely new equations
must be defined for each new state variable. Such tasks therefore constitute
structural perturbations to the system being controlled. Preliminary work
in structural perturbations proposes that after some time is passed for
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learning, human learns inverse models for the new dynamic system [163],
however, minimum jerk principle applied on hand or mass position is not
capable of describing the motion characteristics for such a system [164].
Therefore, authors proposed Optimally Smooth Transport (OST) model
which derives the motions of the hand that achieve the maximally smooth
motion of the transported object, compatible with the constraints of the
hand-object interaction. This model is capable of creating the bi-phasic
velocity profile of the hand velocities as well as uni-phasic characteristics
of the velocity profile of the object observed in experiments. On the other
hand, Svinin et al. pointed out that the trajectories found by this model does
not depend on the stiffness of the spring between hand and object [165],
although one should expect convergence of minimum jerk models with
OST when there is a rigid coupling between hand and the object (k →
∞). They proposed that minimum hand jerk models can still be used for
systems under structural perturbations if dynamic constraints defined by
the dynamic model of the object are also integrated [166].
Analysis of rhythmic movements when dealing with structural pertur-
bations is still an open question, and adaptation of human motor system
with changing dynamical system parameters would give an insight on how
human cope with these instant changes. It is a well known fact that if a
system parameter is changed after adapting to a predefined system, users
tend to over/undershoot the given task but after some time human are
capable of adapting to the new system with altered parameters. [167, 168].
In this chapter, the adaptation properties of human motor control sys-
tem on rhythmic dynamic tasks is analyzed, in particular, non-rigid oscil-
lating tasks under structural disturbances without any positional end-point
constraints. Characteristics of human motor control system over rhythmic
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Figure 5.1: Parameter changes shown in online feedback tuning/parameter
modification. A shows the setup for first for Seatings, while B shows the
setup for equivalent transfer functions, Seatings 5 and 6.
movements is shown to be variant than reaching motion in literature, and
analysis with dynamic tasks would help identifying the necessary condi-
tions for virtual reality implementations in robot aided rehabilitation. To
this end, an experiment is conducted in order to investigate the effects of
dynamic parameters on human motor adaptation to a manually excited
virtual second-order system with a within trial "catch" procedure. Psy-
chophysical analysis of human interactions with particular parameter sets
on the human motor controller is performed over the steady state frequency
error after catch and rate of adaptation to the new frequency value. Further
analyses are carried out using equivalent systems with identical position
or impedance transfer functions. It should be noted that the specified task
is fundamentally different from stiff object manipulation and free reaching
135
movements, since, there exists no proprioceptive feedback between hand
and the dynamic object [169]. Remaining possible feedbacks of the task
are either visual or haptic information which represent the trajectory of the
dynamic object and the force observed from the end-effector of the device,
respectively. Figure 5.1.a represents the Seatings initially performed (from
1 to 4) where catch parameter sets fundamentally modifies the dynamic of
the system affecting both information channels. Equivalent transfer func-
tions approach, on the other hand, can modify each information channel
respectively, therefore provides a unique perspective in the analysis of the
human motor control system, as illustrated in Figure 5.1.b.
5.1 Experimental Methods
In order to examine the rate of human adaptation to parameter variations of
dynamic systems, A preliminary experiment is designed with a dynamic
virtual reality environment. Experiments are conducted using a haptic
device, a two degrees-of-freedom (DoF) planar manipulator, where one of
the translational axes is used in order to excite the second order virtual
system. Hypothesis tested, details of the mechanical system, the equation
of motion governing the virtual system dynamics and the experiment
design are detailed in this subsection.
5.1.1 Hypothesis
It is hypothesized that increasing the gain will help subjects better per-
ceive the system dynamics, but at a cost of larger power input required to
complete the task. Increasing damping is expected to have a stabilizing
effect on human motor control, while perception of the natural frequency
is diminished, thereby slowing adaptation.
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It is hypothesized that damping would provide a stabilizing effect in
the haptic interaction, however, at the cost of losing distinct frequency
characteristics due to the high damping values. Moreover, it is expected
that setting the target frequencies after catch would not introduce extrinsic
influence in the statistical analysis whether they are fixed according to the
natural or damped natural frequency values.
It is hypothesized that the use of equivalent transfer functions can help
identify the dominant feedback modality during a rhythmic dynamic task.
In particular, given the fast pace of the rhythmic task, it is expected that
force feedback would be more dominant in rate of adaptation than visual
cues, therefore, motion provided to the users are scaled to fit the virtual
representation although, dynamic effects of physical parameters are kept
truthful. In other words, the first part of implemented experiments are
used in order to find the effects of magnitudes of haptic feedback over the
adaptation a dynamic task. In this case, impact of different individual or
bundled set of second order system parameters to the performance can
be analyzed. It is hypothesized that the main contributing factor would
be the magnitude of the haptic cue which would presumably decrease the
performance due to effort requirements.
5.1.2 Experimental Setup and Virtual Environment
The experimental setup consisted of a 2 DoF planar haptic device (Pan-
tograph by Quanser Inc.) as shown in Figure 5.2. The visual cues were
updated at a rate of 50 Hz on the screen while the haptic rate was set at 500
Hz. Participants wore noise cancellation headphones playing pink noise
to mask possible auditory cues from the environment and the hardware.
During the experiment, two rectangular masses were displayed on
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Figure 5.2: Experiment setup and the virtual environment
the screen. The motion of one mass, m1, was directly coupled with the
motion of the end-effector, while the second mass, m2, was connected to
m1 by a virtual spring and damper resulting an indirect control over m2.
The instantaneous states (position, velocity and acceleration) of m2 were
calculated by the following second-order dynamic equation using Euler’s
method of numerical integration
m2 x¨2 + b x˙2 + k x2 = G (b x˙1 + k x1) (5.1)
where x˙1 and x1 are the velocity and displacement of m1, respectively and
x¨2, x˙2 and x2 are acceleration, velocity and displacement of m2. G is the gain,
b is the damping between two masses, while k represents the spring that
attaches two masses together. The natural frequency and damping ratio
of the second-order system can be calculated as ωn =
√
k
m2
and ζ = b2 ωn ,
respectively. The physical mass, damping and friction of the force feedback
device are assumed to be negligible, since the pantograph mechanism is
a high-fidelity impedance-type haptic interface. Hence, throughout the
discussion, the human is assumed to be a perfect position source for the
haptic device. The force F applied through the motors of the haptic device
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was calculated as
F = b (x˙2 − G x˙1) + k (x2 − G x1) (5.2)
The displacement transfer function between human position input and
virtual mass position output is given as
X2
X1
=
G (2 ζ ωn s + ω2n)
s2 + 2 ζ ωn s + ω2n
. (5.3)
The impedance transfer function between human position input and vir-
tual force output is calculated as
F
X1
=
G m2 s2 (2 ζ ωn s + ω2n)
s2 + 2 ζ ωn s + ω2n
. (5.4)
Note that the impedance transfer function is scaled by m2s2 when compared
with the position transfer function.
5.1.3 Participants
Seven healthy students of Sabancı University (six male, one female, 23–27
years old, average 24.7 years) participated in the study. All participants had
prior experience with haptic devices. No participant reported any sensory
or motor impairment. All participants signed informed consent forms
approved by the University Research Ethics Council of Sabancı University.
5.1.4 Procedure
Participants sat in front of the monitor and held the haptic device with
their dominant hand. Each trial was initiated with the mechanism and the
two-mass system positioned at the neutral center of the workspace. The
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Figure 5.3: Experiment has six seatings, each with learning and catch
sessions. In each seating, five different parameter sets are administered
with catch trials. Each parameter set is randomly presented once in a catch
trial block (five consecutive trials) and every block is repeated ten times.
end-effector of the device was coupled with m1 and users were provided
with the occurring forces of the virtual second order system. The goal was
to oscillate the virtual system at its natural frequency along the x-axis in a
sinusoidal manner. Motion on the y-axis was constrained with a damped-
cubic-stiffness force field. Participants were told that if the excitation was
at the natural frequency of the virtual second-order system, the amplitude
of oscillations of m2 would be largest for constant amplitude excitation of
the end-effector. Participants were also instructed to excite the system in
using smooth natural movements of their hand.
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Table 5.1: Experiment seatings, effect levels, nominal and target system
parameters and the location of the related Bode plots
Seating Task Effect Levels System Parameters Related Figure
Low Freq. Nominal - - m2 = 1kg, b = 2.4Ns/m, k = 40N/m, G = 0.272 and ωn = 1.066 Low Freq. with Legend (0) in Figure 5.4
Seating 1 Gain Change
High Freq. Nominal m2 = 0.8kg, b = 2.4Ns/m, k = 64N/m, G = 0.32 and ωn = 1.423 Legend (1) in Figure 5.4
G Lowest m2 = 0.8kg, b = 2.4Ns/m, k = 64N/m, G = 0.128 and ωn = 1.423 Legend (2) in Figure 5.4
G Lower m2 = 0.8kg, b = 2.4Ns/m, k = 64N/m, G = 0.224 and ωn = 1.423 Legend (3) in Figure 5.4
G Higher m2 = 0.8kg, b = 2.4Ns/m, k = 64N/m, G = 0.416 and ωn = 1.423 Legend (4) in Figure 5.4
G Highest m2 = 0.8kg, b = 2.4Ns/m, k = 64N/m, G = 0.512 and ωn = 1.423 Legend (5) in Figure 5.4
Seating 2 Damping Change
High Freq. Nominal m2 = 0.8kg, b = 2.4Ns/m, k = 64N/m, G = 0.32 and ωn = 1.423 Legend (1) in Figure 5.4
Damp Lower m2 = 0.8kg, b = 2Ns/m, k = 64N/m, G = 0.32 and ωn = 1.423 Legend (6) in Figure 5.4
Damp Lowest m2 = 0.8kg, b = 1.8Ns/m, k = 64N/m, G = 0.32 and ωn = 1.423 Legend (7) in Figure 5.4
Damp Higher m2 = 0.8kg, b = 3.6Ns/m, k = 64N/m, G = 0.32 and ωn = 1.423 Legend (8) in Figure 5.4
Damp Highest m2 = 0.8kg, b = 5.2Ns/m, k = 64N/m, G = 0.32 and ωn = 1.423 Legend (9) in Figure 5.4
Seating 3 Gain and Damping Change
High Freq. Nominal m2 = 0.8kg, b = 2.4Ns/m, k = 64N/m, G = 0.32 and ωn = 1.423 Legend (1) in Figure 5.4
Low Damp/High G m2 = 0.8kg, b = 1.2Ns/m, k = 64N/m, G = 0.512 and ωn = 1.423 Legend (10) in Figure 5.4
High Damp/High G m2 = 0.8kg, b = 5.1Ns/m, k = 64N/m, G = 0.512 and ωn = 1.423 Legend (11) in Figure 5.4
Low Damp/Low G m2 = 0.8kg, b = 1.2Ns/m, k = 64N/m, G = 0.128 and ωn = 1.423 Legend (12) in Figure 5.4
High Damp/Low G m2 = 0.8kg, b = 5.1Ns/m, k = 64N/m, G = 0.128 and ωn = 1.423 Legend (13) in Figure 5.4
Seating 4 Common Peak Magnitude with Different Damping
High Freq. Nominal m2 = 0.8kg, b = 2.4Ns/m, k = 64N/m, G = 0.32 and ωn = 1.423 Legend (1) in Figure 5.4
Lowest m2 = 0.8kg, b = 1.2Ns/m, k = 64N/m, G = 0.16 and ωn = 1.423 Legend (14) in Figure 5.4
Lower m2 = 0.8kg, b = 1.8Ns/m, k = 64N/m, G = 0.24 and ωn = 1.423 Legend (15) in Figure 5.4
Higher m2 = 0.8kg, b = 3.0Ns/m, k = 64N/m, G = 0.40 and ωn = 1.423 Legend (16) in Figure 5.4
Highest m2 = 0.8kg, b = 3.6Ns/m, k = 64N/m, G = 0.48 and ωn = 1.423 Legend (17) in Figure 5.4
Seating 5 Equivalent Position TF
High Freq. Nominal m2 = 0.8kg, b = 2.4Ns/m, k = 64N/m, G = 0.32 and ωn = 1.423 Legend (1) in Figure 5.4
Lowest Imp. Gain m2 = 0.2kg, b = 0.6Ns/m, k = 16N/m, G = 0.32 and ωn = 1.423 Legend (18) in Figure 5.4
Lower Imp. Gain m2 = 0.4kg, b = 1.2Ns/m, k = 32N/m, G = 0.32 and ωn = 1.423 Legend (19) in Figure 5.4
Higher Imp. Gain m2 = 1.0kg, b = 3.0Ns/m, k = 80N/m, G = 0.32 and ωn = 1.423 Legend (20) in Figure 5.4
Low Imp. Gain m2 = 0.6kg, b = 1.8Ns/m, k = 48N/m, G = 0.32 and ωn = 1.423 Legend (21) in Figure 5.4
Seating 6 Equivalent Impedance TF
High Freq. Nominal m2 = 0.8kg, b = 2.4Ns/m, k = 64N/m, G = 0.32 and ωn = 1.423 Legend (1) in Figure 5.4
Lowest Pos. Gain m2 = 3.2kg, b = 9.6Ns/m, k = 256N/m, G = 0.08 and ωn = 1.423 Legend (22) in Figure 5.4
Lower Pos. Gain m2 = 1.6kg, b = 4.8Ns/m, k = 128N/m, G = 0.16 and ωn = 1.423 Legend (23) in Figure 5.4
Higher Pos. Gain m2 = 0.4kg, b = 1.2Ns/m, k = 32N/m, G = 0.64 and ωn = 1.423 Legend (24) in Figure 5.4
Highest Pos. Gain m2 = 0.2kg, b = 0.6Ns/m, k = 16N/m, G = 1.28 and ωn = 1.423 Legend (25) in Figure 5.4
A catch-trial experiment was conducted to test the effect of system
parameters on rate of human adaptation. To do so, participants were
overtrained with a nominal system of 1 Hz natural frequency and their
adaptation to 1.4 Hz target natural frequency was tested, so that the exper-
iments are compatible with the existing literature on human motor control
of second order dynamic systems [170, 171]. Details of the experiment
design are presented in Figure 5.3 and Table 5.1.
The experiment consisted of six seatings, each of which focused on a
different set of parameter variations at the target frequency. Figure 5.4
presents the magnitude Bode plots of the position and impedance transfer
functions for each seating. In particular, the gain value G of the transfer
functions was changed in Seating 1, while the damping coefficient ζ was
altered in Seating 2. In Seating 3, both the gain and damping parameters
were changed simultaneously to check coupled effects. In Seating 4, the
parameters were adjusted such that the peaks of the magnitude Bode plots
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Figure 5.4: Magnitude Bode plots of the virtual systems used in the exper-
iment. Impedance transfer functions of each system are plotted with the
parameters given in Table 5.1.
were matched while the different damping ratios were set to investigate
effect of different slopes on the magnitude plot.
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All these four sets include the variation of either single parameter (gain
value, damping) or both of these parameters, while remaining two seat-
ings get use of equivalent systems for position and impedance transfer
functions by modifying multiple variable (gain value, damping, stiffness
and mass) at once. In particular, in Seating 5 parameters are modified
such that impedance transfer function (Eqn. (5.4)) is varied while position
transfer function while position transfer function (Eqn. (5.3)) is kept the
same and exact opposite is applied in Seating 6. Note that the use of modi-
fied equivalent transfer functions for force and vision feedback provides a
unique advantage over using visual only and haptic only test procedures.
In particular, implemented virtual exercise resembles a task in daily life
activities which inherits both of the haptic and visual feedbacks, while
quantitative effect factors of each feedback can be analyzed separately due
to varying feedback values. Table 5.1 lists each seating, the effect levels, the
system parameters used to implement the virtual systems and the location
of the related magnitude Bode plots of position and impedance transfer
functions (Eqns. (5.3) and (5.4), respectively).
Our purpose in this study is to analyze the behavior of human mo-
tor control system on a catch-based rhythmic dynamic task while system
parameters are changed to have different characteristics in terms of their
impedance transfer functions. In that regard, all six Seatings designed
such that not only possible cross-validations can be performed, the ma-
jor factor on overlapping effects in a Seating can also be identified. Two
parameter sets are chosen identical in each Seating, normal and high fre-
quency nominals, and remaining parameter deviations are set relatively
close throughout each Seating while maintaining as large parameter vari-
ations as possible limited by the physical hardware.
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At the start of each seating, participants were trained with an intense
learning session (denoted with L in Figure 5.3) before catch trials were
administered. On the first day, the learning session consisted of 40 trials
of 10 seconds each with the nominal second order system of 1 Hz natural
frequency, while on the later days of testing, 20 learning trials were com-
pleted, since it was sufficient to reach the same performance level achieved
at the end of the first day. However, if the excitation frequencies for 8 out
of last 10 trials were not within the 5-percent performance range, then the
participants were asked to complete 10 more trials until the performance
goal was met. All participants understood the task in the first 10 to 20 trials
and were consistently exciting the nominal system at its natural frequency.
Feedback about the performance of the participant was provided at ev-
ery trial in learning session to correct any possible bias in the adaptation
procedure. To provide feedback, frequency of excitation of the participant
was compared with the natural frequency of the 1 Hz nominal system. A
message indicating if oscillation frequency was greater than, lower than or
within 5 percent of the system natural frequency was displayed so that the
participant could increase, decrease or maintain their input frequency.
At each seating, following the completion of the learning session L,
participants attended catch trial sessions (shown as C1 to C6 in Figure 5.3).
There existed 5 different parameter sets in each seating, which were ran-
domly presented to the user within a block (five consecutive catch trials) of
the experiment. These parameter sets are indicated by the five frequency
response plots in each panel of Figure 5.4. Repetition of this block for ten
times in every catch session resulted in 50 trial sets. Between every block,
a learning set trial was administered to the user with feedback provided,
in order to help wash out the effects of catch trials. Each catch trial lasted
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20 seconds; for the first 10 seconds the participants excited the nominal
system at 1 Hz. After this, the virtual system parameters were changed
to one of the randomly selected parameter sets of the appropriate seating
with a natural frequency of 1.4 Hz. The participants adapted to the new
dynamics at 1.4 Hz and excited this new system within the next 10 seconds
of the catch trial.
5.1.5 Data Analysis
Displacement and velocity data of end effector (m1) and m2 were collected
at 500 Hz during every trial. For 20 seconds of trials, a total of 10000
data points are acquired for each parameter set for every catch session.
The hand excitation data was processed in Matlab using time-frequency
scripts2. The preprocessed data was down sampled to 50 Hz and then
passed through a 129-point Hamming window. The spectrogram (time-
frequency trajectories) profiles were obtained and the frequencies with the
maximum power content at each instant of time were extracted. A plot of
frequency as a function of the duration of a catch trial is given in Figure 5.5.
One can observe the variation of hand excitation frequency while adapting
from the 1 Hz nominal system to the 1.4 Hz target system.
The goal of each catch session is to evaluate the effect of particular pa-
rameter sets on adaptation of hand excitation frequency between nominal
and target system, primarily focusing on rate of adaptation and steady state
error. Since each set of parameters was provided to participants for ten
times in a catch session, average value of the recorded data for each set was
taken after calculating frequencies with maximum power content at every
time instant. Subsequently, an exponential fit with three parameters (L0,
2Available at http://tftb.nongnu.org/ for download
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Figure 5.5: Frequency spectrum as a function of time for a sample catch
trial. Exponential fit for the trial is also presented.
L∞ and τ) was performed according to the formula: F = L0 − (L0 − L∞) e−τ t.
In this equation, L0 represents the starting frequency, L∞ is the steady state
value after adaptation, while τ (the time constant of the exponential func-
tion) models the rate of adaptation. Since the change in parameters were
administered at the 10th second of a catch trial, the exponential curves
were fitted on the data starting from this instant. To determine the L0
parameter, the average frequency of excitation between the 8th and 10th
seconds of the catch trial were used. Remaining two parameters are used
in order to determine the performance metrics in the experiment. Steady
state error shows the deviation from the given damped natural frequency
after catch, while rate of adaptation parameter is directly τ.
One factor repeated measure ANOVAs (Analysis of Variance) were
used to determine significant differences (α = 0.05) among the five sys-
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tems in each seating conditions. Multiple pair wise comparisons were
performed by using Bonferroni Confidence interval adjustments.
5.2 Results
For ten seconds in every trial, the parameter set for low frequency was used
which was overtrained by the participant. After these ten seconds, a catch
occurred where the system parameters were altered to present a system
with higher frequency response. Data acquired from all sessions were
processed as detailed in subsection 5.1.5, and performance measures were
analyzed in order to examine the human response to system dynamics
alteration; the rate of adaptation is (τ) and the steady state excitation
frequency for the catch system (L∞). A third variable L0 measures the
steady state excitation frequency for the overtrained 1 Hz nominal system
dynamics. For each of the catch trials, L0 values were observed to be within
the JND value of 1 Hz (within ±4% of 1 Hz).
5.2.1 Seating 1 – Varying Gain
In Seating 1, the effects of changing gain G on human adaptation was
studied. Two target systems with higher and two target systems with
lower gain values than the high frequency nominal system were tested.
The parameters for the four target systems are summarized in Table 5.1.
The Bode plots of target systems are given in Figure 5.4 (a).
It was hypothesized that increasing the gain will decrease steady state
error while increasing the time of convergence. Results indicate that the
change of gain G has no statistically significant effect on the steady state
frequency values, L∞ [F(4, 24) = 0.9; p = 0.47]. However, the rates of
adaptation are significantly affected by altered gain values.
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Figure 5.6: Box plots for Seating 1 for varying gain G values. Statistically
significant pairs with p < 0.05 are marked.
Figure 5.6 presents the rate of adaptation results for Seating 1. In
particular, box plots of τ values are shown for each level of gain parameter
and statistically significant interactions with p < 0.05 are marked. There
is a significant difference in the adaptation rates for ‘lowest’ gain level
and all other gain levels. There are also significant differences in the
adaptation rates between ‘lower’ and ‘highest’ gain levels. Systems with
intermediate gain values were not significantly different from each other
in terms of adaptation rates; however, there exists an overall trend for the
mean values indicating a monotonic decrease of adaptation rates as the
gain is increased.
The fact that the change in gain does not effect L∞ values is in agreement
with the recent findings in the literature [170] which state that humans can
robustly identify the natural frequency of a second order system and excite
it at this natural frequency even when the magnitude cues are changed. On
the other hand, the adaptation rate is significantly affected in such a way
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that the rate of adaptation decreases as the gain is increased. Since, when
the gain is increased, the required effort to complete the task increases,
the decrease in adaptation rate can be attributed to the inherent trade-off
between task performance and effort in human motor control.
5.2.2 Seating 2 – Varying Damping
The second seating studied effects of the changing the damping ratio b of
the system. Two target systems with higher and two target systems with
lower damping ratios than the high frequency nominal system were tested.
The parameters for the four target systems are summarized in Table 5.1.
The Bode plots of target systems are given in Figure 5.4 (b).
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Figure 5.7: Box plots for Seating 2 for varying damping ζ values. Statisti-
cally significant pairs with p < 0.05 are marked.
It was hypothesized that increasing the damping will have a stabilizing
effect on human motor control, while perception of the natural frequency
will be diminished. Results indicate that all of steady state frequency
values L∞ except for the ‘highest’ damping level are within the JND at
1.4 Hz. There exists a statistically significant difference with p < 0.05 in
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the L∞ value for ‘highest’ damping set and all other sets. In particular,
participants overshoot the target frequency with an average error of 0.16
Hz with the ‘highest’ damping level.
Figure 5.7 depicts the rate of adaptation results for Seating 2. In partic-
ular, box plots of τ values are shown for each level of damping parameter
and statistically significant interactions with p < 0.05 are marked. There
exists a statistically significant difference between adaptation rates with
‘lower’ and ‘higher’ damping levels, indicating faster adaptation with the
increased damping level. The mean values of adaptation rates exhibit a
monotonically increasing trend as the damping is increased from ‘lower’
to ‘higher’ level. The adaptation rates seem to saturate out of these levels,
that is, the monotonic trend flattens at extremes. In particular, the means
of ‘lowest’ and ‘lower’ levels and the means of ‘highest’ and ‘high’ levels
stay close to each other.
The steady state frequency overshoot with the ‘highest’ damping level
may be attributed to decreased human perception due to the diminished
peak of the magnitude Bode transfer function. The increase of the rate
of adaptation as the damping is increased within a certain range may be
attributed to the stabilizing effects of damping beneficially affecting the
human excitation.
5.2.3 Seating 3 – Varying Gain & Damping
Seating 3 investigated aggregated effects of simultaneous changes in damp-
ing and the gain parameters of the system. In addition to the high fre-
quency nominal parameter set, the test conditions included lower damp-
ing, higher gain (low b / high G); higher damping, higher gain (high b /
high G); lower damping, lower gain (low b / low G) and higher damping,
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lower gain (high b / low G) systems. The parameters for the four target
systems are summarized in Table 5.1. The Bode plots of target systems are
given in Figure 5.4 (c).
Figure 5.8 depicts steady state frequency and the rate of adaptation re-
sults for Seating 3. In particular, box plots of L∞ and τ values are shown for
each level of damping parameter and statistically significant interactions
with p < 0.05 are marked. The experiment results indicate that the steady
state frequency for the nominal parameter set and the parameter sets with
‘low’ damping values fall within JND at 1.4 Hz. However, the parame-
ter sets with ‘high’ damping values overshoot the steady state frequency
regardless of the value of the gain parameters. The difference among the
‘low’ and ‘high’ damping sets are statistically significant. The rate of adap-
tation results indicate a statistically significant difference between opposite
pairs of parameters, with ‘low damping-high gain’ parameter set exhibit-
ing a lower rate of adaptation than ‘high damping-low gain’ set. There also
exists a trend among ‘low’ gain and ‘high’ gain parameter sets, indicating
lower adaptation rates for high gain systems when compared to low gain
ones.
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The steady state frequency results are consistent with Seating 2, and
the overshoot may be attributed to the effect of damping on the magnitude
transfer function and impact on human perception. The adaptation rate
results are consistent with Seating 1, confirming that as the gain (required
effort for the task) increases, the task performance decreases.
5.2.4 Seating 4 – Common Peak Magnitude
In Seating 4, the parameters were adjusted such that the peaks of the
magnitude Bode plots were matched at the natural frequency of the target
systems, while different damping ratios were set to test effect of different
slopes on the magnitude plots. Two target systems with ‘higher’ and
two target systems with ‘lower’ damping (slope) than the high frequency
nominal system were tested. The parameters for the four target systems
are summarized in Table 5.1. The Bode plots of target systems are given in
Figure 5.4 (d).
Results indicate that all of steady state frequency values L∞ are within
the JND at 1.4 Hz. Similarly, there exists no statistically significant differ-
ence in the τ values among the parameter sets [F(4, 24) = 0.19; p = 0.94].
These results are consistent with the previous results, providing evi-
dence that the gain of the Bode magnitude plots is an important factor
effecting the rate of adaptation. The results also indicate that when the
gains of the systems are normalized around the operating point (natu-
ral frequency of the target system), the effect of damping parameter is
insignificant for the tested range of damping values.
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5.2.5 Seating 5 – Equivalent Position TF
In Seating 5, the effect of the haptic feedback is examined as parameter
changes occur such that position transfer function is kept the same while
the impedance transfer functions are scaled. This experiment condition is
equivalent to testing a single set of visual feedback with several levels of
force feedback. The parameters for the four target systems are summarized
in Table 5.1. The Bode plots of target systems are given in Figure 5.4 (e).
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Figure 5.9: Box plots for Seating 5 for varying impedance transfer function.
Statistically significant pairs with p < 0.01 are marked.
Outcomes of Seating 1 provides inside to the possible results of chang-
ing impedance value. It is expected to observe decreased efficiency with
increasing impedance value especially in rate of adaptation due to in-
creased effort, however, steady state results are expected to be indifferent.
However, results of this seating is prone to additional analysis over the
dominant factor since equivalent transfer function for position feedback is
used.
Results indicate that steady state frequency values L∞ fall within the
153
JND similar to Seating 4 and rate of adaptation performance is given in
Figure 5.9.For rate of adaptation performance, there exist a statistically
significant trend with F(4, 24) = 18.433, p < 0.01 such that performance
decreases with increased impedance transfer function as predicted. If the
experiments continued with higher impedance values (not applicable due
to hardware limitations and actuator saturations), there should be more
significant results between lower, nominal and parameter sets stronger
than ’Higher’. This decrease in adaptation rate can be attributed to the
inherent trade-off between task performance and effort in human motor
control since the required effort to complete the task increases. This result
is more strong than outcomes of Seating 1, since the effect of visual cues
are normalized thanks to use of systems with equivalent position transfer
functions.
5.2.6 Seating 6 – Equivalent Force TF
In Seating 6, parameters of the system are changed such that impedance
transfer function is kept constant while different position transfer func-
tions are applied. In contrast to Seating 5, this experiment condition is
equivalent to testing a single level of rendered forces for scaled levels of
visual feedback. The values of the parameter sets are summarized in Table
5.1 with bode plots given in Figure 5.4 (f).
Results indicate that there exist no statistically significance for steady
state frequency values L∞ F(4, 24) = 0.879; p = 0.491 with all values fall
within the JND at 1.4 Hz and for rate of adaptation with F(4, 24) = 1.142;
p = 0.361.
The adaptation rate is not significantly affected by visual scaling, which
indicates that haptic feedback is the dominant factor in determining rate of
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adaptation. Seatings 5 and 6 propose that state information obtained from
visual feedback is not main factor of adaptation in fast rhythmic tasks,
although it has been expected to be the most dominant information for
adapting a point to point reaching dynamic task in [169].
5.3 Remarks and General Discussion
The experiments focus on adaptation (capabilities or rate) with a within
trial catch experiments in a rhythmic dynamic exercise. In such a task,
choice of a performance metric is highly important. It should be noted
that the nature of the assignment does not involve positional constraints,
on the contrary, participants are asked to excite the system at its natural
frequency, therefore, this approach remains different than cyclic exercises
where deviation from desired contour becomes an important metric.
5.3.1 Rate of adaptation
Information obtained from rate of adaptation metric can be extended to be
used in haptic interaction which facilitates fast adaptation between states.
Use of similar metrics can be observed in previous works in other between
trials catch experiments [172, 173, 174]. In particular, error correction rate
along trials or the time constant of dis-adaptation for subjects in a per-
pendicular field environment are thoroughly analyzed for parametrically
perturbed reaching exercise.
This study provides a unique perspective over some of the underlying
principles of human motor control system over the effects of haptic and
position feedbacks in adaptation to a dynamics rhythmic task. In that
regard, equivalent system trials are implemented in Seating 5 and 6 which
gradually changes only one of the feedback type, keeping the information
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obtained from the other channel constant. This approach provides unique
advantages such as enabling quantitative measurements on the use of each
feedback separately, therefore, resulting a better comparison possibility
over the dominance of haptic or visual feedback. Moreover, it inherits
resemblance to real life applications which would naturally have both
stimuli.
In details, visual cues of the object can only be obtained from the sim-
ulation environment provided, therefore, modification in position transfer
functions maps one to one to the position and velocity information of the
object obtained by the user. In this regard, result of Seating 6 indicates
that when the force feedback provided to the user is kept constant, change
in the position transfer function, in other words, modification of visual
cues, do not significantly affect the performance of the user in a fast paced
repetitive dynamic task. On the other hand, adaptation rate values on
Seating 1 with increased Gain parameter and in Seating 5 with varying
impedance transfer function, point out a effort-performance trade-off with
result of Seating 5 being more strong due to the use of equivalent transfer
functions. In literature, it has been previously shown that haptic feedback
is essential for learning a similar dynamic task [175], however, our results
indicates that dominance of this feedback should be monitored due the
significantly diminished performance with increased levels.
This trade-off is previously analyzed for reaching tasks in literature.
For example, in [176] an algorithm based on concurrent optimization of
stability, error, and activation at the muscle level is shown to be capable
of representing the adaptation stage of CNS in a perturbed task under
velocity-dependent and divergent force fields. It is discussed that perse-
verance of energy consumption levels by reducing feedforward commands
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of this learning scheme after errors fall below a threshold shows the capa-
bility of the model to inherit the trade-off between performance and cost
of muscle activations. Similarly, in [177], complex hand velocity profiles
and nearly smooth object trajectory are modeled based on this trade-off
between effort and accuracy which is shown to be capable of providing
accurate features of dynamic point-to-point reaching movement.
When each Seating is considered, not only Seating 1 and 5 but results of
relevant experiments are not conflicting, on the contrary, they are support-
ing each other. For example, this effort/performance trade-off is existent
in Seatings with increased magnitudes in force transfer functions around
operating frequency, however, changing the slope of the responses while
keeping the same peak (Seating 4) does not affect the performance of the
participant. In order to support the outcomes of frequency based analysis,
further data processing based on the magnitudes force applied to the user
and position of the hand after catch is performed. Power applied to the
system after catch in Seatings 1 and 5 is demonstrated in Figure 5.10. They
are ordered from lowest force gain to highest around operating frequency.
1000
2000
3000
4000
5000
6000
7000
8000
9000
10000
11000
Lo
w
es
t-S
5
Lo
w
es
t-S
1
Lo
w
er
-S
5
Lo
w
-S
5
Lo
w
er
-S
1
N
om
in
al
-S
1
N
om
in
al
-S
5
H
ig
he
r-
S5
H
ig
he
r-
S1
H
ig
he
st
-S
1
Power of the System before Catch   P=F .Vamp - Seatings 1 and 5amp
Figure 5.10: Box plots of power magnitudes for Seatings with major force
gain change.
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Power magnitudes results for each parameter set given in 5.10 shows
that they are inversely correlated with the rate of adaptation values for
respective sets. In particular, with increased power magnitude after catch
for each parameter set, rate of adaptation to the new frequency value at
that trial is worsened.
5.4 Steady State Error
Steady state error with respect to the desired frequency value is a generally
used metric to evaluate the performance of the participant in frequency do-
main [175, 171, 170]. Therefore with the use of this metric, not only we
can quantify the robustness of human motor control system under differ-
ent parameter set variations, it also provides a comparison medium with
previous literature. Similar to their results, participants are capable of suc-
cessfully accomplishing the given assignment; performing system iden-
tification and then exciting the virtual dynamic system near its resonant
frequency within just-noticeable-difference (JND) band, where experiment
results show that there is no statistically significant steady state error in
Seatings beside a few cases with high damping ratios.
Regarding the Seatings with high damping ratio deviations, it should
be noted that this trend is consistent within Seatings 2 and 3, therefore pro-
viding a strong evidence for a characteristic behavior rather than a glitch.
However, this behavior is not existent in a common peak system (Seating
4) where transfer functions have a common peak with varying slopes, or
in Seating 1, where they have same slope with varying peak values. Fur-
ther discussions can be made after a quick peek at relevant literature over
the effects of high damping parameters in adaptation or learning. To our
regret, damping characteristic is either omitted or implemented with low
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damping ratio in dynamic task studies. Moreover, most of these experi-
ments are dynamic reaching exercises where the performance metrics are
chosen as the spatial error from the desired end-effector location, in which
case subjects tend to overshoot stationary point to point reaching exercise
targets while they are under the influence of high damping values [177].
Most similar case is the previous work in [170] which also indicates an
overshoot at frequency value with high damping environment compared
to the damped natural frequency, although the damping ratio is lower
than the highest damping ratios in this study (ζHigh = 0.2 in [170], while
ζHighest = 0.356 and ζHigh = 0.251 in our study). Based on the fact that
priory JND experiments doesn’t include effects of the damping ratio over
the perception of the natural/damped frequency, this overshoot behavior
may be attributed to a new concept damped JND, which consists of a mod-
ified JND related to the magnitude of the damping in the environment.
Although further analysis is required for a concrete evidence, based on the
magnitude bode plots of the Seatings 2 and 3 and steady state errors in
corresponding parameter sets, it can be argued that system characteristics
become vaguer with high damping values making it harder to identify
the desired frequency value. Consequently for higher damping ratio user
overshoot the desired value by stopping at a comfortable frequency after
inaccurate identification and for lower damping values there exists slight
undershooting where it starts to get hard enough to climb up the desired
value on force transfer function peak.
To elaborate the results of the damping change experiments, it can be
argued that participants are not comfortable with higher or lower damp-
ing ratios in the task. In particular, in a band where ratio is near the
nominal values, performance of the user at rate of adaptation increases
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with increased values because of decreased force requirements with high
damping and more stable interaction. However, at cases where there exist
high steady state errors, rate of adaptation is also worsened. For high
damping values, participants disregard effort considerations for success-
ful completion of task with higher impedance, while at lower damping
ratio parameter sets, they loosen their grip in order to compensate for the
instability of the system.
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Chapter V
6 Conclusions and Future Work
In this thesis, an optimal exoskeleton design and effective human-in-the-
loop control frameworks are presented. The overall process is divided to
four major stages; optimal design of the mechanism, implementation of
safe human-in-the-loop controllers, introduction of a framework for the
execution of each therapy sessions, and human subject experiments in
order to help designing effective treatment protocols.
During the design process that is exemplified on a forearm-wrist ex-
oskeleton, imperative design requirements of a rehabilitation system are
determined as safety and ergonomy of the patient. In particular, during the
type selection, since passive coincidence of robot axes and human joint axes
is emphasized, a 3RPS-R kinematic structure is chosen. In order to increase
the performance of the mechanism under human-in-the-loop controllers
while facilitating usability and ease of attachment, a multi-criteria opti-
mization is performed. Choice of design variables, which are ratio of radii
of two platforms and joint placement angle, becomes as significant as the
performance criteria to be optimized. In addition to their obvious effects to
kinematic and dynamic performance of exoskeleton, these two variables
play a crucial part in the singularity-free workspace volume of the mech-
anism. Especially making the system asymmetric results in additional
singular configurations based on the Grassmann conditions which are not
geometrically possible in the symmetric case. Once the Pareto-optimal de-
sign configuration is determined, an additional workspace optimization is
conducted that minimizes the physical limitations of the spherical joints
to the workspace volume of the mechanism while staying in the singu-
larity free boundary of the optimal design dimensions. The experimental
characterization of the implemented device shows 27% larger workspace
volume, 32% lower GDI, and 17% increased AII.
The controllers for 3RPS-R mechanism are implemented according to
the workspace of the robot which lies in Riemannian manifold SO(3),
using appropriate error metric between desired and actual orientations.
Local controllers are utilized based on each stage of a typical rehabilitation
treatment. Starting with stricter trajectory position controllers when hu-
man is passive, which may be useful to execute the patients movements at
early stages of rehabilitation, followed by open loop impedance controllers
which can be utilized for administering virtual walls around the forbidden
region and providing haptic feedback for virtual environment interactions.
Inside these virtual walls, assistance is provided with a controller that fa-
vors coordination and synchronization of complex movements rather than
the exact timing along the desired path. In particular, for decoupled as-
sistance of task and pace of tracking, a contour tracking controller Passive
Velocity Field Control, is utilized that guarantees coupled stability of the
robot-patient system. Implementations of each controller is experimen-
tally verified. Moreover, a multi-lateral controller architecture is utilized
which is based on local impedance controllers that can provide an envi-
ronment for multiple agents to interact with altering dominance over the
same task. Controller gains of tele-operation system is chosen based on
passivity rather than full transparency and experimental validations are
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performed. It is shown that this system is a possible candidate for imple-
menting remote therapies, group therapies, remote assistance and bilateral
interaction with dynamic virtual environments.
Following the implementation and experimental verification of local
controllers, a systematic framework which delivers effective therapeutic
exercises is proposed. The major advantage this framework brings is the
ability to modify task parameters on the fly, while guaranteeing coupled
stability of the patient and robot system. Seamlessly changing the shape of
the desired contour, assistance level provided in the contour error direction
and speed of contour tracking concurrently or individually during the task
execution enables the implementation of repetitive tasks without repeating
the same task. Experimental evidence is provided towards the applicability
of this system for assist-as-needed based slacking prevention scheme in a
systematic and safe manner.
Lastly, due to the similarities of motor learning of a new task with
recovery occurring during rehabilitation, to help designing effective treat-
ment protocols, a healthy subject experiment is performed which iden-
tifies adaptation properties of human motor control system on rhythmic
dynamic tasks. With the use of equivalent transfer functions in catch tri-
als, statistical evidence is provided that haptic feedback is the dominant
modality rather than visual feedback. However, determining the level of
haptic feedback is essential if faster adaptation rates is desired, since, with
increased effort, performance of the volunteers decrease statistically.
For the future, it is planned to extent the results provided in this thesis
with comparative healthy subject experiments that investigates the effects
of proposed control framework to the long-term learning. Moreover, ran-
domized clinical trials are to be conducted for better validation of the
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proposed framework for effective delivery of therapeutic exercises. Out-
comes of these experiments would provide valuable information when
incorporated into existing rehabilitation treatment protocols.
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Appendix A
A Implementation of Grassmann Line Geometry
on 3RPS Mechanism
In this appendix, solution of Grassmann conditions are detailed for non-
symmetric 3RPS mechanism. Since a grid based search is utilized through-
out the design process, intersection detection for conditions with lower
dimensions was carried out using a least square based calculation. In
particular, for each grid point in the workspace, distance of two line is cal-
culated in order to find if these lines are intersecting in 3D space, regardless
of the intersection points.
A.1 Intersection of n Lines in a Least Square Sense
Given a point on lines Pa = [Pa1; Pa2; Pa3; ...Pan] and the direction of unit
vectors Si = [Si1; Si2; Si3; ...Sin], one can easily calculate a point closest to
the given curves in least square sense. Without going into details, the
solution of the closest point for n lines can be calculated:
Pint =
(∑
(I − (Si SiT)
)−1 ∗ (∑((I − (Si SiT)) Pa)) (A-1)
where I is the identity matrix, while Pa and Si are conjoined n by 3 ma-
trices which include three dimensional information for all the lines. Once
the closest point is calculated, distance from this point to n line can triv-
ially computed and if this distance value is zero, n lines is shown to be
intersecting at the same point Pint.
A.2 Dimension 1
Only Plücker lines that can degenerate to a point are the ones that are
associated with the prismatic joints (P1, P2, P3), which means link lengths
becomes zero. However, in the case of 3RPS-R mechanism, this is not
possible due the physical design since the minimum translational value of
each link is defined by the motor attachment which is 30 mm.
A.3 Dimension 2
A.3.1 Two or more lines form a planar pencil of lines (2b)
This can be achieved when the end-effector plane is parallel to the plane
formed by either two of the leg Plücker vectors. In this case, P1, P2 and P6
lines intersect at s3 point forming a planar pencil of lines. This is also valid
of other combinations of two leg vectors and opposing constraint vector;
(P1, P3, P5) and (P2, P3, P4).
Following the terminology in subsection A.1, intersection points of
three lines can be checked for each triple combinations of Plücker vectors.
For example, Pa and Si vectors in first case would be:
Pa =

ro s1 n1 ro s1 n2 ro s1 n3
ro s2 n1 ro s2 n2 ro s2 n3
ro s3 n1 ro s3 n2 ro s3 n3
 (A-2)
Si =

P1 n1 P1 n2 P1 n3
P2 n1 P2 n2s P2 n3
P6 n1 P6 n2 P6 n3
 (A-3)
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A.4 Dimension 3
A.4.1 Find four lines which are on the same regulus (3a)
With the defined Plücker vectors, whatever the configuration of the mech-
anism, every leg line intersects with corresponding constraint line, while
all constraint lines intersects with each other. There can be no forth line
within the same regulus [71, 72].
A.4.2 Four lines constitute two flat pencils in distinct planes with a
common line (3b)
Not possible since only flat pencil can be generated with the condition
2b, for example with P1, P2 and P6 vectors, where other lines are either
coplanar with end-effector (P4 and P5) or intersecting at the same point
(P3).
A.4.3 All four lines goes trough the same point (3c)
In configurations where condition 2b is valid, a forth line (remaining leg
Plücker vector P3) is always intersecting three lines of planar pencil at
a common point which justifies the condition (3c). Therefore, singular
configurations due to 3c is identical to (2b).
A.4.4 All four lines are coplanar (3d)
In order to realize this condition, translational movement of the mechanism
should be zero, which is not possible with 3RPS-R mechanism.
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A.5 Dimension 4
A.5.1 Among the four lines, none of them intersects the regulus created
by the other three lines in a proper point (4a)
In 3RPS-R mechanism, the skew line sets can be generated with the leg
vectors (P1, P2 and P3). Each of the remaining lines (P4, P5 and P6) intersects
at least one of these leg vectors, therefore, we cannot find four vectors that
meet the required condition, similar to (3a).
A.5.2 Five lines must pass through two skew lines (4b)
When the Plücker vectors of the mechanism are considered, it is trivial to
find a line which intersects four of the given vectors. If the quadruplet
of (P1, P4, P2 and P5) is considered, two lines can be identified which
intersects these vectors. The first line β is coplanar to the vector rs1 s2 and
passes through corresponding spherical joint centers, while the second line
γ is the intersection of planes spanned by the couple of Plücker vectors on
each leg. Mathematically,
℘14 : P1,P4
℘25 : P2,P5
γ = ℘14 ∩ ℘25
Plane equations for ℘14 and ℘14 can be written with the normal vectors of
each couple of lines (N14 = P1 ⊥ P4 , N25 = P2 ⊥ P5) and the intersection
point of these two lines which are the spherical joint points ro s1 and ro s2 ,
respectively. Line equation of γ, which is at the intersection of these two
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planes can be calculated in two steps. First of all, the direction of the
line should be found with cross product of two normal plane equations
~γ = N14 × N25. Afterwards, a point which is common in two planes
M = [Mx,My,Mz] is to be determined. This point can be chosen as the
intersection of these two planes with the base plane created with the point
O and the normal vector n3.
In the end, condition (4b) can be satisfied if P3 vector intersects with
β and γ. This case can be generalized for each leg vector P1 and P2 with
remaining quadruple of leg and constraint vectors.
Intersection of γ and P3
Two lines intersects if and only if distance between the two lines is equal
to zero which can be calculated bases on subsection A.1:
Pa =
 Mx My Mzro s3 n1 ro s3 n2 ro s3 n3
 (A-4)
Si =
 ~γ n1 ~γ n2 ~γ n3P3 n1 P3 n2 P3 n3
 (A-5)
Intersection of β and P3
Two lines intersects if and only if distance between the two lines is equal
to zero which can be calculated bases on subsection A.1:
Pa =
ro s1 n1 ro s1 n2 ro s1 n3ro s3 n1 ro s3 n2 ro s3 n3
 (A-6)
Si =
 ~rs1 s2 n1 ~rs1 s2 n2 ~rs1 s2 n3P3 n1 P3 n2 P3 n3
 (A-7)
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where ~rs1 s2 is the normalized vector.
In order to examine the configurations which are singular according to
(4b), both distances should be zero simultaneously.
A.5.3 All lines belong to union of three planar pencil of lines in differ-
ent planes with a common line (4c)
When the (3b) condition is reviewed, it can be seen that this condition
cannot be met for the 3RPS-R device.
A.5.4 All five lines are on a plane, or pass through one point of this
plane (4d)
This case has multiple possibilities. Fist one is the five coplanar lines.
From the device geometry, it is obvious that we cannot have five coplanar
lines. Next condition is four coplanar lines and one line with a certain
point on that plane. This case is identical to (3d) and can be only valid for
zero translation, which is not possible. The last case is the three coplanar
lines and two lines intersecting a point on the plane. We know that the
three constraint vectors are coplanar, however, the intersection point for
each couple of leg vectors can be on this plane only for zero translation
value where end-effector plane is identical with the base plane. This is also
valid for coplanar leg vectors and it is not realizable in 3RPS-R. If the two
constraint lines and one leg line are chosen as coplanar, for example P1, P4
and P5 , two vectors can be found which intersects this plane at the same
point (P3 and P6 intersecting at s3). However this case is identical to the
condition (2b) in this mechanism.
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A.6 Dimension 5
A.6.1 Six lines span a general complex (5a)
Four planes are to be constructed for this condition. The first three planes
are spanned by couple Plücker vectors, (℘14 : P1, P4),(℘25 : P2, P5) and (℘36 :
P3, P6), while last plane is the plane of the moving platform (גE ). Moreover,
lets denote the intersection of moving platform plane with each planes as
l1,l2 and l3, where
l1 = ℘14 ∩ ℘E
l2 = ℘25 ∩ ℘E
l3 = ℘36 ∩ ℘E
If six lines belong to a non-singular complex, then lines l1,l2 and l3, which
belongs to the pencil of lines that are spanned by the lines of the complex,
should also belong to this complex with a common point on the moving
platform. Note that this case is identical to the methodology in [74] where
twist motion of the end-effector is analyzed while all the active pairs are
locked. Three velocities of the three points not at a common line defines
a twist if intersection point of the three normal planes of these velocity
vectors lies in the plane determined by the three points. In other words, if
the intersection of the three normal planes of the velocity vectors for the
si points lies on the plane defined by these connection points(end-effector
plane), these positions/orientations of the mechanism are singular. In other
words, if the intersection of the three normal planes of the velocity vectors
for the si points lies on the plane defined by these connection points(end-
effector plane), these positions/orientations of the mechanism are singular.
In the case of the 3RPS-R mechanism, normal plane equations of the
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velocity vectors can be formed from the general plane equation from a
normal vector as:
0 = ηi (R − ro si) (A-8)
where ηi is the unit vector in the direction of the velocity of the each limb,
while R is the set of all points which satisfies the plane equations. Another
representation would be:
0 = ηi n1 [X − (ro si n1)] + ηi n2 [Y − (ro si n2)]
+ηi n3 [Z − (ro si n3)]
(A-9)
X, Y, and Z are the coordinates of R set in each coordinate axes of Newtonian
frame. Note that scalar multiplications define the corresponding measure
number of the vectors for each axes.
After normal plane equations of the velocity vectors are formed, next
step is to find the intersection of these planes and search for the points that
takes this intersection point on the plane formed on the end-effector with
the formula given below:
0 =
∣∣∣∣∣∣∣∣∣∣∣∣
X − x1 Y − y1 Z − z1
x2 − x1 y2 − y1 z2 − z1
x3 − x2 y3 − y2 z3 − z2
∣∣∣∣∣∣∣∣∣∣∣∣ (A-10)
where
x1 = (ro s1 n1), x2 = (ro s2 n1), x3 = (ro s3 n1)
y1 = (ro s1 n2), y2 = (ro s2 n2), y3 = (ro s3 n2)
z1 = (ro s1 n3), z2 = (ro s2 n3), z3 = (ro s3 n3)
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Eqn. (A-10) shows the singularity equation of the system and is a third
degree function of p3 which states that for each orientation of the mech-
anism in the workspace, in other words for each ψ1 and ψ2 values, there
exists three singular position depending on the translational generalized
coordinate. These three equations can be solved either with a symbolic ma-
nipulator such as Maple or using numerical methods. Numerical method
is chosen in this study since it has higher synergy with the grid search over
each configuration of the mechanism in the workspace.
A.6.2 Six lines cross the same line in space (5b)
This condition dictates that there exist a line which pass thorough six
vectors. Therefore, condition (4b) can provide basis for analysis where
it is shown that two lines γ and β can be identified which can intersect
corresponding four Plücker vectors (P1, P4, P2 and P5). Moreover, if the
intersection point of one set of lines such as P2 and P5 with s2 point does
not lie on the plane spanned by the remaining couple of lines ℘14, which
is the case in 3RPS-R mechanism, a unique line can be found which can
intersect all four lines [70]. For that purpose, in order to check the singular
configurations according to this special complex, the intersection of the
two possible lines γ and β with the remaining Plücker vectors P3 and P6
should be analyzed.
γ line intersecting with P3 and P6
Intersecting conditions of γ with P3 are already determined in (4b). In-
tersection of γ and P6 should be checked similar to the methods in (4b);
two lines intersects if and only if distance between the two lines is equal
173
to zero:
Pa =
 Mx My Mzro s3 n1 ro s3 n2 ro s3 n3
 (A-11)
Si =
 ~γ n1 ~γ n2 ~γ n3P6 n1 P6 n2 P6 n3
 (A-12)
In order to realize the singularity conditions of (5b) both Eqns. (A-4) and
(A-11) should be satisfied.
β line intersecting with P3 and P6
Intersecting conditions of β with P3 are already determined in (4b). For
the analysis of P6 line, it has been discussed in literature [70] that for a
symmetric mechanism, intersection of β vector with the P6 line can only
be satisfied in a highly twisted configuration which can not be achieved
with the physical structure of 3RPS-R. However, since the implementation
is using an asymmetric design with 105.8◦ connection angle, intersection
of not only β = rs1 s2 with P6 but also rs1 s3 with P5 is possible for all con-
figuration at asymmetric attached joints. However, this is not possible for
the reference leg, where rs2 s3) and P4 only intersects in a unique orientation
which is not possible in physical device. However, when translational DoF
is increased, singular values are at twisted orientations of the mechanism
which are not within the predefined workspace. For lower translational
DoF which are not between 125 and 160 there are singular configurations.
Therefore, although it irrelevant in our case, one should be careful before
using an asymmetric design of 3RPS mechanism due to this condition.
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